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In this work, we provide a 1/+/n-rate finite sample Berry—Esseen bound
for m-dependent high-dimensional random vectors over the class of hyper-
rectangles. This bound imposes minimal assumptions on the random vectors
such as nondegenerate covariances and finite third moments. The proof uses
inductive relationships between anti-concentration inequalities and Berry—
Esseen bounds, which are inspired by the classical Lindeberg swapping
method and the concentration inequality approach for dependent data. Per-
forming a dual induction based on the relationships, we obtain tight Berry—
Esseen bounds for dependent samples.

1. Introduction. Recent advances in technology have led to the unprecedented avail-
ability of large-scale spatiotemporal data. An important challenge in the analyses of such
data is to provide a theoretical guarantee of statistical inferences under temporal dependence.
Many existing theoretical studies, such as Liu (2020), relied on parametric or distributional
assumptions to give a valid confidence interval, but the validity of the assumptions remains
questionable in real-world applications. Central limit theorems (CLTs) provide one of the
most general methods of statistical inference based on Gaussian approximation. To account
for high dimensional data in real-life applications, there has been a recent surge of work on
CLTs with increasing dimensions. Unlike the multivariate Berry—Esseen bounds which can
control the difference between the probabilities associated with the average of random vec-
tors and the corresponding Gaussian for arbitrary convex sets, in high dimensions, one needs
to restrict the class of sets to a class of “sparse” sets such as hyper-rectangles. Although
most of the literature (NorvaiSa and Paulauskas, 1991; Chernozhukov, Chetverikov and Kato,
2013, 2017a; Deng and Zhang, 2020; Lopes, Lin and Miiller, 2020; Fang and Koike, 2020;
Chernozhukov, Chetverikov and Koike, 2020; Kuchibhotla and Rinaldo, 2020; Kuchibhotla,
Mukherjee and Banerjee, 2021; Koike, 2021; Lopes, 2022; Chernozhuokov et al., 2022; Cher-
nozhukov et al., 2023) is focused on independent observations, some works have also con-
sidered extensions of high-dimensional CLTs to the important case of dependent data in-
cluding m-dependence, dependency graphs, and physical/functional dependence (Zhang and
Wu, 2017; Zhang and Cheng, 2018; Chang, Chen and Wu, 2021; Kojevnikov and Song, 2022)
Dependent data CLTs are very crucial for applications in Econometrics and causal inference
(under interference).

In this paper, we focus on high-dimensional CLT's over the class of hyper-rectangles. That
is, our objective is to bound the Kolmogorov-Smirnov statistic between a summation of sam-
ples X1,..., X, € RP and its Gaussian approximation Y, denoted by

p (S Xi,Y) = sup [BILIL X € A —PIY € 4],
reRp

where A, = {z € RP: x < r} and for two vectors a,b € RP, a < b means that aj, < by for
every k € [p]. For independent samples, there has been a flurry of novel results since the
seminal work of Chernozhukov, Chetverikov and Kato (2013). A popular approach has been
the Lindeberg interpolation, leading to an =/ rate (Bentkus et al., 2000; Lopes, 2022).
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Recently, Kuchibhotla and Rinaldo (2020) used a recursion method over the Lindeberg
interpolation to establish a high-dimensional Berry—Esseen bound for independent random
variables with the rate at most (log® nlog®(ep) /n)'/? under minimal assumptions: nondegen-
erate covariances and finite third moments of the observations. We highlight their use of the
inductive relationship between anti-concentration inequalities and Berry—Esseen bounds. The
importance of anti-concentration inequalities in proving Berry—Esseen bound has been well-
acknowledged in the literature. Bentkus et al. (2000) showed explicitly how the dependence
of anti-concentration inequalities on p affects that of Berry—Esseen bounds. While the past lit-
erature on CLTs for independent observations mainly used bounds for Kolmogorov-Smirnov
statistic in terms of anti-concentration inequality, a novel contribution of Kuchibhotla and
Rinaldo (2020) was an (implicit) formulation of the backward relationship: induction of anti-
concentration inequalities from Berry—Esseen bounds. We extend this idea to include a bound
for anti-concentration in terms of the Kolmogorov-Smirnov statistic and demonstrate how the
dual induction obtains the tight Berry-Esseen bounds.

In addition, our work extends this approach to m-dependent cases, where X; 1 X; if |i —
j| > m. While previous work has demonstrated this rate for univariate cases (Shergin, 1980;
Chen and Shao, 2004), the tightest rate known in high-dimensional cases is 1/n'/6 for sub-
exponential random vectors (Chang, Chen and Wu, 2021). Our paper improves upon this by
providing an enhanced Berry—Esseen bound under a more generalized setting called m-ring
dependence. We introduce this setting in Section 2 and present our main results in Section 3,
which showcase the optimal scaling of 1/4/n under non-degenerate covariance and finite
third moments. To establish these results, we used a combination of the Lindenberg swapping
technique and the dual induction argument, overcoming the challenges posed by the m-ring
dependence structure; the outline is provided in Section 5. We extensively compare our results
to existing works under independence and m-dependence in Section 3.1. Finally, in Section 4,
we conclude our paper by summarizing the main findings and outlining avenues for future
research.

2. Random vectors with m-ring dependence. We start with introducing a slight gener-
alization of m-dependence as follows: X7, ..., X,, € RP are said to have m-ring dependence
if X; 1l X; for any ¢ and j satisfying min{|i — j|,n — [i — j|} > m. If Xy,..., X,, is m-
dependent, then

min{|i — jl,n—|i—jl}>m = |i—j|l>m = X;1X,

This implies that X1, ..., X, is also m-ring dependent. In other words, m-dependence is a
special case of the m-ring dependence. Let Y7,...,Y,, be jointly Gaussian random vectors
with mean zero and the same second moment as X1,..., X,.ie.,

Var[(Y;',...,V,)) T = Var[(X],..., X)) T].
For subset I C {1,2,...,n}, define
X1 ={Xp:kel}, % :={Y,:kel}.
and
Xr=) Xp, Yii=) Y (1)
kel kel

To streamline our discussion, we introduce notation for index intervals. For any values of ¢
and j that satisfy 1 <14 < j <n, we will denote the index set {3, ...,7} as [4, j]. Specifically,
when referring to the complete index set of n random vectors, we will use [1,n]. To align
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with the conventions of real intervals, we will employ parentheses to represent open-ended
intervals; e.g., (1,n] denotes the set {2,...,n}. Forany I C [1,n], let omin,; and o be

o2 ::Igni[g Var[YI(k)], and 0% := Apin(Var[Y7|%<]),
’ €

where the superscript Yl(k) notates each k-th element of p-dimensional random vector Y7 (as
defined in Eq. (1)), and I< is the index set complement. i.e., I = [1,n] \ I. We note that the
conditional variance is given by the Schur complement of the marginal covariance matrix:

Var[Y7|%j<] = Var[Y;] — Cov|[Y7, vec(%c )] Var[vec(%c )]~ Cov|vec(Ze), Y],

where vec(#7c) indicates the vectorized representation by concatenation. i.e., vec(%c) =
(v, keI, In case m =0, ie., Xi,...,X, are independent, then Var[Y7|%jc] =
Var[Y7]. Also, for ¢ > 1, let L, ; and v ; be

Ly = maxE[ XY + maxE[Y,)1), and vy =B X|%] +E[IYi|4). @)

Denote the averages of L, ;’s and v ;’s by

1 1
Ly=— Lgiand 7g=—3 v 3)
i=1 i=1
For any subset I C [1,n], let
— 1 _ 1
LqJ:mZLqJ and Vgl = mZVqJ. (4)
jEI jel

We note that due to Jensen’s inequality, v ; < V(i/l-q fori € [1,n] and 7, < 7/ for any ¢ > 2.

Notation. In the following argument, C/(...) is a constant with implicit dependency on the
parameters in the parentheses, whose value changes across lines. For absolute constants with
no dependency, we omit the parentheses and denote them by C'. 1 stands for the vector with
elements 1 in the appropriate dimension at each line. I{-} denotes the indicator function.

3. High-dimensional Berry-Esseen bound for m-ring dependent random samples
with nondegenerate covariance matrices. In this section, we state a high-dimensional
Berry—Esseen bound for random vectors with m-ring dependence and nondegenerate covari-
ance matrices. That is, the minimum eigenvalues of sums of consecutive samples are bounded
away from 0. We assume the existence of constants oy, o > 0 such that for all I = [i, j] or
[7,n] U[1,4] with some 1 <i<j<mn,

Timin,d = Omin * 1, (MIN-VAR)
of > ¢* - max{|I| - 2m,0}, (MIN-EV)

omin < gv/log(4ep)/2, (VAR-EV)

where || is the number of elements in I. The assumption of strongly non-denegerate covari-
ance (i.e., Amin(Var[X;]) is bounded away from zero) has been commonly used in high-
dimensional CLTs under independence (Kuchibhotla and Rinaldo, 2020; Chernozhukov,
Chetverikov and Koike, 2020; Fang and Koike, 2021; Lopes, 2022). Building upon these
works, Assumptions (MIN-VAR) and (MIN-EV) extend the assumption to m-dependence
cases in the same spirit with Assumption (3) in Shergin (1980). It is also worth noting that
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by subtracting 2m from the interval length, Assumption (MIN-EV) allows for the possibil-
ity of complete dependence between X|; ; and the adjacent elements when the interval [i, j]
is sufficiently short (e.g., |[Z,7]| < 2m). Assumption (VAR-EV), on the other hand, is not
present in previous CLTs. However, removing this assumption does not significantly impact
the resulting Berry—Esseen bound; see Remark 3.3 for more details.

THEOREM 3.1.  Suppose that Assumptions (MIN-VAR), (MIN-EV) and (VAR-EV) hold.
Then, if m=1and q > 3,

1 (X100, Yiimg)
C'log(en) [log(pn) | L 7 1/(a=2)
< Coosten), SR B og(en) + (Btog?en) )|
Omin n a a

for some universal constant C > 0.

The steps and details of the proof for a simplified version can be found in Section 5.
However, the complete proof necessitates an additional technique that will be explained in
Section 5.6. For the comprehensive proof, please refer to Appendix A.3.

The dimension complexity of the convergence (in distribution) induced by the above the-
orem is worth noting. For convergence to zero of p(X [1,n]> Y[1,n])’ Theorem 3.1 requires

Z?’) 1 5 pg/(q_Q) 1 4/(q—2)
max o og p,m( ogp) =o(n).
The dimension complexity may vary depending on the problem or random variables of inter-
est due to the dependency on p of v, j = E[|| X, [|%] + E[||Y;]|%&], which changes with the tail
behavior of X;. For instance, in the case of sub-Gaussian X, the dimension complexity is
determined by the first term, and the requirement becomes log® p = o(n).

Under independence, the best-known dimension complexity in the literature for the same
setting was logp = o(n) (see Chernozhukov, Chetverikov and Koike, 2020, Corollary 2.1;
hereafter, we cite this paper by CCK20). Considering the negligible distinction between 1-
dependence and independence for large n, the difference in the dimension complexity is
nontrivial. The key difference lies in the different settings of the two results. Only requiring
q > 3, our result applies even with a finite third moment of X ;, while CCK20 require the finite
fourth moment. Assuming higher-order moments to be finite has been shown to improve the
resulting Berry—Esseen bounds. For example, Fang and Koike (2020) demonstrated how the
Berry-Esseen bound for convex sets improved assuming finite fourth moments compared
to Bentkus (2005) based on finite third moments. The following result provides such an
improvement of Theorem 3.1 when g > 4.

THEOREM 3.2. Suppose that Assumptions (MIN-VAR), (MIN-EV) and (VAR-EV) hold.
Then, if m=1and q > 4,

1% (X[l,n} ’ }/[l,n])
_ —1/2 = \ 1/(a—2)
Clog(en) /[log(pn) | L L v
< Clog(en) g(pn) [glogg/z(ep)+410g(€p)+ (g) log(ep)],
Omin n g g a

for some constant C > 0.
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The proof follows the same steps as outlined in Section 5, with the addition of a tech-
nique that will be described in detail in Section 5.4. The complete proof can be found in
Appendix A.4.

Now Theorem 3.2 induces the following dimension complexity:

mln— mln—

L f 7g?/(1=2)
maux{a2 log P53 log p,Wlog p ¢ =o(n).

In the case of sub-Gaussian X, the dimension complexity is log*p = o(n), which matches
that of CCK20. In Section 3.1.1, we will explain how the dimension complexities were ob-
tained and compare the theorems under independence and different tail behaviors of X;.

REMARK 3.3. Assumption (VAR-EV) is not commonly found in the existing litera-
ture and may be considered restrictive in many practical applications. However, the Berry-
Esseen bounds in Theorems 3.1 and 3.2 still hold even without this assumption. In the
absence of the assumption, the factor C'/op,, in Theorems 3.1 and 3.2 is replaced by
C/min{omin, c+/log(ep)}; see Section 5.5 for a detailed explanation of the changes in the
proof.

The Berry-Esseen bounds for m > 1 can be obtained as corollaries of Theorems 3.1
and 3.2 using an argument from Theorem 2 of Shergin (1980); also, see Theorem 2.6 of Chen
and Shao (2004). Let n’ = [n/m ], Xj = X ((;—1)m,im] fori € [1,n") and X, = X (0 —1)mn]-
We define Y] similarly for i € [1,n/]. Then, X7, ..., X/, are 1-dependent random vectors in
RP. By applying Theorems 3.1 and 3.2 to “(X[/l,n'} , Y[,l,n'}) = 1(X[1,n]> Y[1,n])» We obtain the
following corollary.

COROLLARY 3.4. Suppose that Assumptions (MIN-VAR), (MIN-EV), and (VAR-EV)
hold and that m > 1. If ¢ > 3,

1 (X105 Yitm)
1 1 L o 1/(q—2)
< Chosten/m) ORI | 12D tog?ep) + (m+ 10 hog?(en) )|

for some universal constant C' > 0. If ¢ > 4,

K (X[l,n] ’ Yv[l,n})
< C'log(en/m) [log(pn/m)
o Omin n

g

oLs. 5 3 2L411/2 174 Va2
(12 3102 (ep) + (m+ 12 tog(ep) + ((m+ 1022 ) togten)|.
for some universal constant C' > Q.

3.1. Comparison with existing literature. In this section, we compare our main results
with existing results in the high-dimensional CLT literature. In Section 3.1.1, we explore the
implication of our results under independence and compare it with the nearly optimal result
presented by CCK20. The key finding is that both results imply the same dimension complex-
ity for sub-Weibull X; (including sub-Gaussian and sub-exponential cases), while our result
allows for more general conditions such as finite third-order moments and m-dependence.
Additionally, in Section 3.1.2, we demonstrate the significant improvement achieved by our
work in the Berry-Esseen bound under m-dependence, surpassing previous works.



3.1.1. Under independence. Let’s consider the case where the random variables X; are
independent. Since independence holds for all pairs of X;, regardless of the difference be-
tween their indices, we can say that X; 1l X; when |i — j| is greater than or equal to 1. Thus,
according to the definition of 1-dependence, independence is a special case of 1-dependence.
As a result, Theorem 3.1 and Theorem 3.2 readily hold for independent X;. In this subsec-
tion, we compare this implication under independence with the work of CCK20. Specifically,
we compare their Theorems 2.1 and 2.2 with our Theorem 3.2 since all three theorems as-
sume the existence of finite fourth moments. It’s worth noting that under independence, the
assumptions (MIN-EV) and (MIN-VAR) of our result can be expressed as follows:

. (k) 2 .
IICTEH[S] Var[}/[i,j}] > Omin * H%]”a

Amin(Var[Y}; ;)]) > o - max{|[i, j]| — 2,0}, Vi,3j.

These assumptions require the covariance matrix of X|; ;; to be strongly non-degenerate
for all pairs (7, 7). This assumption is commonly made in high-dimensional CLTs, although
CCK20 employed a weaker version assuming that the covariance matrix of the scaled average
is well-approximated by a strictly positive-semidefinite matrix. A recent work of Fang et al.
(2023) obtained a Berry—Esseen bound of 1/4/n-rate without the strong non-degeneracy as-
sumption. It would be interesting to explore an extension of their work in our setting. In terms
of moment assumption, our result presents a significant improvement. In CCK20, Theorems
2.1 and 2.2 require finite fourth moments. However, our Theorem 3.1 only assumes finite
third moments, which means it accommodates scenarios where fourth moments may be in-
finite. For example, this scenario can occur in high-dimensional linear regression problems
where X; = £;W; for heavy-tailed univariate errors &; and light-tailed covariates W;. If &;’s
have a finite third (conditional on ;) moment but an infinite fourth moment, then E|| X; |2,
can be infinite; see Chernozhukov et al. (2023, Section 4.1) for an application to penalty
parameter selection in lasso using bootstrap.

We now shift our focus to the convergence rate of the established Berry-Esseen bounds.
Both theorems establish convergence rates of order 1/1/n with respect to n up to logarithmic
factors when p remains fixed. Therefore, a more meaningful comparison lies in the dimension
complexities imposed by the theorems. As previously discussed, these dimension complexi-

ties are dependent on the tail behavior of X;. We assume X; to be i.i.d. and Var[X](.k)] =1
forall k=1,...,n. Let’s consider the following two scenarios:

1. \X](-k)| < Bforall j=1,...,nand k=1,...,p almost surely;

2. | X"y, <Band L3 B[ XY < B forall j=1,...,nand k=1,...,p, where
|||l is the Orlicz norm with respect to 1, (z) = exp(z®) for o < 2.

These scenarios correspond to the first two conditions considered by CCK20, which pre-
sented the respective Berry—Esseen bounds as Corollary 2.1. In the first scenario,

CB_10g%/2(ep)log(en), from Corollary 2.1, CCK20,

Xty Vi) < { V12’
#X 1 : Ytm) < {\/%52 log®/?(ep)+/log(pn)log (en),  from our Theorem 3.2.

The resulting dimension complexity of CCK20 is log®p = o(n). They demonstrated that
this complexity is optimal in Remark 2.1. For our result, the bound is derived using the fact
that L3 j < BLyj = B, Ly; < B®Ly; = B%, and v,; < BY for all ¢ > 4. The resulting
dimension complexity of log*p = o(n). Therefore, our Berry-Esseen bound is suboptimal
when X; are bounded random vectors. Next, suppose that X ; are sub-Weibull(c) for o < 2.
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When o = 2, X; are sub-Gaussian, where o = 1 means X are sub-exponential. In this
scenario,

:u(X[l,n] ) Yv[l,n])
_ \/CE]; (log(en) log3/2(ep) + log(3/2+1/0‘)(ep)) , from Corollary 2.1, CCK20,

\/CH; V1og(pn) log (en) (log3/2(ep) + ]og(3/2+1/a)<ep)) ,  from our Theorem 3.2.

Corollary 2.1 of CCK20 presented the result only for sub-Gaussian X, but the proof
readily extends to the other cases with a < 2. This leads to the dimension complexity
of log®*?/%(ep) = o(n). For our result, the bound is derived using the fact that L3 ; <
V06L2Ly; < B, Lyj < B2, and Vgj < C’Bqafnin logq/o‘(ep) for any ¢ > 4 (see Corollary
7.4, Zhang and Chen, 2020). The resulting dimension complexity is the same as CCK20.

3.1.2. Under m-dependence. In this section, we compare Corollary 3.4 to existing CLT
results for m-dependent random variables. First, we revisit Shergin (1980)’s result in uni-
variate case. In Theorem 2 therein, the author showed that if E[|.X;|?] < oo for ¢ > 3 and
i=1,...,n,then

(m+1)

s Elx ]
M(X[Ln],Y[Ln])SC(q,,,,) qlizlz] .

EXZ )i

where C(q,...) is a constant with implicit dependency on ¢ and an additional assump-
tion similar to (MIN-VAR). We note that for univariate X;, Assumptions (MIN-VAR) and
(MIN-EV) are equivalent. Under the notation of (MIN-VAR), because E[X [21 n]] > nofmn =

no? and B[ X,|7] = Ly = v

7 1/(g—2)
H (X[l,n]vy[l,n]) < C(Q? .. ) |:n1_Q/2(m + 1>q_1 UCI? :|
min (5)
+ 11/(¢—2)
Cla....) I
< 7 q—1"9
- O'min\/ﬁ |:<m+ 1) Qz

The dependency on m cannot be improved following the results of Berk (1973). We observe
that given p fixed, the upper bound terms in Corollary 3.4 have the equivalent dependencies
on n and m with Eq. (5) up to the logarithmic factor.

In the realm of high-dimensional cases, prior works have established Berry—Esseen bounds
with various rates. For instance, Zhang and Cheng (2018) derived a bound with an im-
plicit presentation of the rate of their Berry—Esseen bound and its dependence on sample
assumptions in their Appendix A.2. More recently, by employing the large-small-block ap-
proach, similar to Romano and Wolf (2000) in univariate cases, Chang, Chen and Wu (2021)
derived a bound of order O(m?/3polyn(logpn)n~—1/%) specifically for sub-exponential X j
sub-exponential random vectors in their Section 2.1.2. Notably, Kojevnikov and Song (2022)
achieved a rate of O (log(ep)®/*n~1/*) without assuming independence, but their result relied
on stronger assumptions such as X; being a martingale difference sequence, more restrictive
than m-dependence.

Our contribution, presented in Corollary 3.4, significantly advances the literature by pro-
viding a state-of-the-art rate of O(m?polyn(log(pn))n~1/2). This result is achieved under
minimal assumptions over the high-dimensional CLT literature, making it a valuable addi-
tion to the field.



4. Discussion. We derived a 1/1/n scaling of Berry—Esseen bound for high-dimensional
m-dependent random vectors over hyper-rectangles. This result only required finite third
moments of the random vectors, among others like sub-Gaussian or sub-exponential condi-
tions. If p were fixed, the rate implied by our result is (m + 1)2(logn/m)®/?//n. This rate
matches that of Shergin (1980) on 1-dimensional m-dependent random variables, and this
dependency on m cannot be improved. Our result supports the high-dimensional CLT over
hyper-rectangles under m-dependency between samples.

Our advancement in the Gaussian approximation rate of m-dependent samples could ben-
efit the theoretical analyses under physical dependence frameworks. Zhang and Cheng (2018)
introduced the m-approximation technique to study the Gaussian approximation of weakly
dependent time series under physical dependence. The technique extends the Berry—Esseen
bounds for m-dependent samples to weaker temporal dependencies (see Theorem 2.1 and the
end of Section 2.2 therein). Similarly, Chang, Chen and Wu (2021) extended the n '/ rate
under m-dependence to samples with physical dependence. The resulting rate in Theorem 3
was better than the best rate of Zhang and Wu (2017).

Another important future direction is extending our technique to samples with generalized
graph dependency. Random vectors X1, Xo, ..., X, € RP are said to have dependency struc-
ture defined by graph G = ([n], F) if X; 1L X} if (i,j) € E. Graph dependency generalizes
m-dependence as a special case by taking E = {(¢,7) : | — j| < m}. The only CLT result
up to our best knowledge has been Chen and Shao (2004) for 1-dimensional samples with
graph dependency. Extending their result to high-dimensional samples has a huge potential
to advance statistical analyses on network data, which is another data type with increasing
availability.

5. Proof techniques and sketch. The proofs of Theorems 3.1 and 3.2 involve intri-
cate layers of advanced techniques, making them challenging to comprehend at a glance. To
aid readers’ understanding, we initially establish the simplest version of the proof, focusing
on 3 < ¢ and 1-dependence, instead of 1-ring dependence. In this particular case, we have
X1l X,,. This results in a similar Berry-Esseen bound with Theorem 3.1, but with

L3 max = max L3; and vy max = max vy ;

i€[1,n] i€[1,n]
in place of Lz and U4, respectively. In the proof, we use the inductive relationship between
anti-concentration probabilities and Kolmogorov-Smirnov statistics. Anti-concentration
refers to the probability of a random variable to be contained in a small subset (typically
an annulus). An anti-concentration probability bound commonly used in the CLT literature,
as well as in this work, is of Gaussian random vector. Nazarov (2003) and Chernozhukoyv,
Chetverikov and Kato (2017b) showed an upper bound for the probability that a Gaussian
random vector is contained in A, s = {zx € R? : 2 <r+ 61} \ {zr e RP : 2 < r — 01} for
r € RP and ¢ € [0, 00).

LEMMA 5.1 (Gaussian anti-concentration inequality; Nazarov, 2003; Chernozhukov,

Chetverikov and Kato, 2017b). For a random vector Y ~ N(0,%) in R?, r € RP, and
d €10,00),

PY € A, 5] < C6

for an absolute constant C' > 0.
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The anti-concentration probability of our interest is of X|; ; conditional on the other X;.
We denote the supremum of the probability over r by

H[Lﬂ (6) = SélRpi) ]P)[X[l,l] S AT,(s | e%/‘(%nﬂ .

We also denote the Kolmogorov-Smirnov statistics of our interest by

K14 = :U'(X[l,i]vy[l,i])'

We start the proof by deriving the inductive relationship from £y (6) to p,q: for i <nand
0 > Onmin,

3/2

Vit g < C(vg, Omin, ) log(ep) + C(vy, o) 10g<6”)“§g(ep ) sup v/ (8)- (6)
Jij<i

To derive this, we use the Lindeberg swapping technique, similar to that used in Kuchib-

hotla and Rinaldo (2020). However, their standard approach is restricted by the presence of

dependency among the random variables X ;. Our key contribution in this aspect lies in ad-

dressing the added complexity due to the dependence structure. For the details, please refer

to Section 5.1.

In light of Eq. (6), our objective is to provide an upper bound for the anti-concentration
probabilities [y (0). When the random variables X; are independent, /1[171-](5) represents
the marginal anti-concentration probability since the condition on Z(; ,,) in the definition of
#[1,i](6) can be omitted. Consequently, a straightforward upper bound for £y ;) (0) arises from
Lemma 5.1: for i <n,

log(ep)
OminT ’

K1, (0) < pp + CO (7
Kuchibhotla and Rinaldo (2020) implicitly employed a dual induction approach using
Egs. (6) and (7) to establish the Berry-Esseen bound with the desired rate over n, i.e., 1/y/n
up to the logsarithm. However, Eq. (7) falls short when dealing with 1-dependence, as X|; 3
becomes dependent on Z; ,,) within the definition of £y (0). In the case of univariate de-
pendent X ;, Chen and Shao (2004) derived a non-inductive upper bound for the conditional
anti-concentration probability using a telescoping method (refer to Proposition 3.2 therein).
Nevertheless, extending this method to high-dimensional cases presents a non-trivial chal-
lenge. In our work, we adopt a similar intuition, but instead of aiming for a non-inductive
bound, we establish an inductive relationship from (i 5 to £ 4 (6): fori < n and § > omin,

: o+v i
Vikp a(6) <C ( Vlog(ep) + jisia ﬂ#[m]) ‘ ®

Omin

This main contribution is summarized as Lemma 5.5 in Section 5.2. Finally, we conduct a
dual induction using Egs. (6) and (8) and conclude the proof.

The proofs of Theorems 3.1 and 3.2 share similar steps but incorporate additional tech-
niques. The explanation of these techniques is provided in the last two subsections. In Sec-
tion 5.4, we present the iterated Lindeberg swapping method, which helps improve the di-
mension complexity when a finite fourth moment condition is satisfied. Additionally, in Sec-
tion 5.6, we introduce permutation arguments to enhance the Berry-Esseen bounds by replac-
ing the maximal moments with the average moments. For the complete proofs, please refer
to Appendices A.3 and A 4.
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5.1. Induction from k to p for 3 < q. Here we prove the inductive relationship for p; ]
but the same proof applies to p[; ; with any ¢ smaller than n. The quantity we want to control
concerns expectations of indicator functions, which are not smooth. For this reason, most
proofs of CLTs apply a smoothing to replace indicator functions by smooth functions. We use
the mixed smoothing proposed by Chernozhukov, Chetverikov and Koike (2020): namely, for
r€RPand §,¢ >0,

Pro(7) =E[frg(x+e2)),

where
1, if max{z® —r® 4 [ 1} <0,
fro(@) =1 —¢max{z® —r@:ic[d]}, if0<max{z® —r®:ic[d]} <1/¢,
0, if 1/¢ < max{z( —r().ze[d]}.

This smoothing comes at the cost of smoothing bias terms, according to Lemma 1 of Kuchib-
hotla and Rinaldo (2020) and Lemma 2.1 of Chernozhukov, Chetverikov and Koike (2020).
Here we summarize the two results into the following lemma.

LEMMA 5.2.  Suppose that X is a p-dimensional random vector, and Y ~ N(0,X) is a
p-dimensional Gaussian random vector. Then, for any § > 0,

dlog(ep) + +/log(ep)/¢
u(X,Y)<C YO 1 0 sup Elpf o )] - Elof (1]
min—1,..p 2 rerd

Because min;—1 ., 2 > no?.  Lemma 5.2 implies

min’

i < - C dlog(ep) I C \/log ep) +C sup
[n] \f Omin \/ﬁ ¢Um1n reRd

Elpf o (X11.m)] ~ B[ (Yo np)]|

Lindeberg swapping. The standard Lindeberg swapping approach upper bounds
sup (B8 o (X[t )] — B[00 o (Ve
reRd

by decomposing it into

2£Ewﬂﬁmm—ﬂﬁammm
f )]
& C 5 c
= p |2 E [pW(WUJ] +X;) = pp o (W5 + Yj)] 7
=1

where W[l = = X[1,5) + Y{j,n)> and further bounding the each term by third-order remainder
terms after Taylor expansions up to order 3 and the second moment matching between X

and Y. In the subsequent discussion, we will use the notation 1V as a wildcard, representing
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either X or Y depending on the context.
E[@i(Wﬁj} + X))

Bl OV )+ (760, )] 8 [L(werm . 57
—HE[ / 1—t2<V +tX)X]®3>dt] (10)
= BigtWE )] + 5 (BT 0V )L BLXP)

+1/ l—tQEK W[”]—s—tX)XJ@?’H dt,
so by E[X#?] = E[Y*?],

[%(W[j,j] +X5)] - E[@i(WﬁJ] +Yj)]
1 1
- /0 (1= B [(VPr (WS, +1X,), X5%)] ar

1 c 3
- 2/0 (1—1t)°E [<V3(pf,(W[j,j] ),V >} dt.
However, in the case of 1- dependenoe the second equality of Eq. (10) no longer holds due

to the dependency between W[ il and X ;. To address this issue, we introduce Taylor expan-

sions on V@T(WU J]) and V2 T(W[j J]) to break the dependency before proceeding with the
second-order moment matching. This additional step involves meticulous calculations and
lengthy specification of remainder terms. We provide the full details in Appendix C.2. As a

result,

3,1
ZE [Pi,qs(w[g,j] +X;) - P£,¢( } ZE [ (7 s (11)
j=1
where 9%( U and 9‘{% ") are remainder terms of the Taylor expansions specified in Ap-
pendix C. 2

Remainder lemma. Then, we upper bound the remainder terms using the upper bounds for
the differentials of p7. ,. In particular, CCK20 showed in Lemmas 6.1 and 6.2 that

Y (—)/2
sup Z sup V(llv 71(1) 5 (w+2) <C¢ (log(ep))

wek? T ol <2 ) o

for any 7 € [0, 1]. For the event that W[ i is in the anulus A, 5 for some ¢’ we will spec-
ify shortly, we use the above inequality to bound the remainder term. Out of the event, the
differential is sufficiently small. Hence, the upper bounds involves with the conditional anti-
concentration probability ]P’[W[ i € Ay 51 X[1,5], resulting into the following lemma.

LEMMA 5.3.  Suppose that Assumption (MIN-EV) holds. For W representing either X
orY and j € [1,n],

E[%67]| < . Uos(ep))*/?

53 (L3 max + 67 Vg max] min{1, k1 j_1)(67_;) + K3},
n—j
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57,,_7‘1
where 52 = 6%+ g?max{n — j,0}, §9_ ;= 126,_j+/log(pn) and &} O‘\/Toi)((;{?)l} as
long as 6 > omin and ¢d >

log( p)”

Putting all the results back to (i1 ,,), we get

C 5log ep) C \/m (3,1) 31)
Hn < —= NG +— N CZ‘IE[ER H

< ¢ C 510g ep) + & C \/log ep)
- \/ﬁ Omin f d)amm

(log(ep))3/? _ .
+ CZ g p (L3 max + ¢ 3uq,max] min{1, k1 j_1)(6p—;) + kS }-
Partitioning the sum. Let .J, =n(1 — ﬁ()) We note that by Assumption (VAR-EV),

Jn > 5. The choice of J,, stems from comparing 1 and &y j;(d;,_ ) + «7. In detail, note that

Iﬁl[lj)((sn_) +/€' 2 1

if 0 — _On=ilog(ep) _ V/O*+o? max{n—j,0} log(ep) >1.
T Guminy/max{j,1} Tminy/max{j,1}

For j < J,,

o 3/2 - .
> (g(s(i%).) [L3,max + ¢ vy max] min{1, ;1) (67_;) + £5}
j<Jy n=J
10 3/2
> Z g L3,max + ﬁbq_SVQ»maX]

J<Jn —J

C (log(ep))5/2 s
SR Gl Lot O Vs

because
Lf 1 /" 1 a2 ¢ _ Clog(ep)
[J.] ((52 +to )3/2 Q2(5n QQ(SH,LJHJ 0‘3\/71 JIn g O'mm\/>
(12)
For j > J,,
log(ep 3/2 _ . o o
Z (g(g?’)) [L3,max + (bq 3Vq,max] mln{l, ’i[l,j—l)((sn—j) + Hj}
> n—j
(log(ep))*/? -
Z 53 [LBmax+¢ 3Vq,max] (1,5 1)(571 ])
> n—j
log(ep))3/2 _
Z ( g§3p)) [L?),max _’_¢q 3Vq,max} K
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The last term is upper bounded by

log(ep))3/? _
S QOB e+ 1 ]
j=Jn n=Jj

< C (log(ep))5/21 <1+ \/C;U

- ﬁ QQO-min > [LS max T (Zﬁ 73Vq,max] .

because

n o n

i Z log(ep) < Clog(ep) o (1 \F0'>
E = . + ' (13)
3
=] n—j 7. n ]Urmnf o O'mln\r 0

In sum, we obtain the following lemma about the relationship between ji(; ) = 1(X[1,n]5 Y]1,0))
and the conditional anti-concentration probability i, ;(6) = sup,cg» P[X[1,5) € Ar 5| 2 )

LEMMA 5.4. If Assumptions (MIN-VAR), (MIN-EV) and (VAR-EV) hold, and q > 3,
then for any § > omin,

C (5log (ep) C \/log ep)
Biin) < —= +—=
\/ﬁ Omin \/ﬁ ¢0mm
C (log(ep))™? Vno

+%ml <1+6> [L3 max+¢ _3Vq max]

log(ep))3/? - o
+0 > % [L3max + ¢ Vgmax] K1 j-3) (67;),
i>Jdn e

for some absolute constant C' > 0.

5.2. Induction from p to k. Having obtained the induction from x to p in the previ-
ous subsection, we now proceed to obtain an induction from p to . This is the step that
was implicitly used in the proofs of high-dimensional CLTs for independent observations
(e.g., Kuchibhotla and Rinaldo, 2020). However, as mentioned in Section 5, the dependence
between Xy ; and Z(; ) in £y 4 (0) = sup,cpe P[X (1) € Ay 5| Z(;,,)] makes the step non-
trivial. We make a breakthrough using a similar appraoch described in Section 5.1, where we
used the Taylor expansion to eliminate the dependency. However, once again, the conditional
anti-concentration probability involves a conditional expectation of an indicator function,
which lacks smoothness. So we first apply a smoothing technique to the indicator function
and leverage the Taylor expansion on the smoothed indicator, subsequently bounding the
resulting remainder terms.

Smoothing. For the conditional anti-concentration probability, we use a standard smoothing,
rather than the mixed smoothing we used in Section 5.1. For r € RP and 6 € [0, 00), let

ors(x) =E[l{r +eZ € A, s}],
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where Z is the p-dimensional standard Gaussian random vector. For some h > 0,

oro(x) —Hre A st = /(]I{x +eze At —H{x e A s}h)p(2)dz

({z+eze A s} —l{z e Ars})p(2)dz

/Z||oo<10\/10g(ph)

+ / ({z+eze A s} —{x e A 5})o(2)dz
2]l o >104/log(ph)

> —I{||lz — 04, 5]|cc <10ev/log(ph)}{z € A, 5}
— P[|| Z|| e > 10+/l0g(ph)],

where 0 A, 5 is the boundary of A, 5, Z is the p-dimensional standard Gaussian random vector
and ¢(z) is the density function of Z. Hence,

gpfaﬁ(a:) >z e A s} —I{||lx — 04, 5|00 < 10ey/log(ph)}{x € A, 5}

= P[l|Z]|oc > 101/1og(ph)] (14)
1

ﬁv

where €° = 10e/log(ph). On the other hand,

ors(x) <z € Arst +I{[|x — 0Ar 5|00 < 10ey/log(ph) }{z & A, 5}
+P[[|Z]|oc > 10+/l0g(ph)] (15)

1
= H{Z]}' S Ar’§+€o} + F

. H{LL’ S AT,J—E"} -

As a result, for any i > 0,
P[X[l,i] € AT,J\X(i,n]]
1 (16)

<E[@F speo (X1, [ Z(im)] + i
Taylor expansion. Applying the Taylor expansion to [ 5. o (X(1,4)| Z(i,n)s
E[‘Pi,&reo (X[l,z‘} )l t%(mﬂ
SE @5 510 (X1, — X(2,-1)| Zlin)) + E [Rx ooy 1| 2]
where
1
RXoi1y,1 :/o (V5 5yeo (X — tX(2,-11), X(2,i-1) )dt
First, using Eq. (15),
E[©f 51e0 (X5 — Xg2,i—-13)| £ (i)
1
SEM{ X[, — Xq2,i-1) € Arstaeo ) + ﬁ|3?//(i,n]]

1
< E[P[X[3,i—9) € Ar, s42:0| Z(i—1mui)| Zin)] + i
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where 11 = r — X3 — X; is a Borel measurable function with respect to 2;_1 ,,ju{1}- Because
X3,i—21 L Z(i—1 mjuf1ys

P[X(3,i—2) € Ar, 51200 | Z(i—1,n)0{1}]
<P[Y[3,i—2) € Ar, 512e0] + 20(X[3,i-2]5 Y[3,i-2))

<C(5+206\/log(ph) log(ep)

Omin 10 — 2

A7)

+ 23,52
almost surely due to the Gaussian anti-concentration inequality (Lemma 5.1).

Bounding the remainder. Bounding the remainder term proceeds similarly with the proof
of the remainder lemma (Lemma 5.3), resulting into an upper bound with an conditional
anti-concentration probability bound (#(2;—1)(€°) in the following lemma). We relegate the
bounding details to Appendix B.4.

LEMMA 5.5. Suppose that Assumptions (MIN-VAR) and (MIN-EV) hold. For any i €
[3,n) and § >0,

H[l,i}(é)
log(ep 0
<C (5() (vi2+vii-1) 5(2,i71)(5 )+ N(27i1)>

0 +2e° [log(e C log(e
'g( p) N (13 + V1) 'g( p) 7
Omin 1—2 Omin 72— 2

where £° = 20e+/log(p(i, — 2)), as long as € > omin.

-l—min{l,C’

This resembles the relationship within s described in Eq. (3.16) of Chen and Shao (2004).
In their work on univariate observations, however, the « in the righthand side was K[1,4] (€2)
instead of with the reduced index set (2,7 — 1). Hence, they could plug-in 6 = € and up-
per bound £ ;_1)(e°) for some suitable €, which we refered to ’a telescoping method’ in
Section 5. This resulted into a non-inductive upper bound for r ;)(6) (see Egs. (3.17) and
(3.18) therein). In our setting, the reduced index set (2, — 1) makes the technique ineffective.
Alternatively, we proceed to the dual induction levering on the reduced index set.

5.3. Dual Induction. Let our induction hypothesis on n be

Vi) < Bt Ls max + B2aVghids?, (HYP-BE-1)
where
- log(ep))3/2/log(pn
o= ¢ toster)* oglpn)
0" 0Omin
~ log(ep)+/log(pn
pon = &2 8(ep) v/ log(. )log(en)

QQ/((]—Z) Omin

for universal constants €; and €, whose values do not change in this subsection. If €;, €y >
1, then (HYP-BE-1), requiring (i 5,; < 1 only, trivially holds for n < 4.
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Now we consider the case of n > 4. Suppose that the induction hypotheses hold for all
intervals with lengths smaller than n. We first derive an anti-concentration inequality for any
such intervals. Without loss of generality, we only consider the intervals [1,¢] with i < n. We
claim that

Vik(1,(6) < BriLs max + R v 5D + Ry vy + Fad, (HYP-AC-1)

where & K1, = Q:l an Qs Iig ) Q:Q N/lQ i K,3 g = Q: Log( ep) log(p?) and %4 C log p) for
some unlversal constants @1 o Cop, €30 and Qﬁ4 K whose "Values do not change in thlS sub-
section. If €1 ,;, o 4, 923,,@,(’:47,{ > 1 then (HYP- BE- 1), requiring K[y ,(6) < 1 for all 6 >0
only, trivially holds for ¢ < 16. For 7 > 16, assume that Eq. (HYP-AC-1) holds for all smaller
7’s. By Lemma 5.5, for any € > oy and 6 > 0,

K[1,4] (5)
1
< Oof(ep)yl,max min{l, R(1,4) (50)}
S 4+ 2¢° 1 max1
T Oy + 022 [lo8(P) | oV imax loB(ep)

Omin 1—2 Omin \/i_27
where ¢ = 20e+/log(p(i — 2)) and C > 0 is an absolute constant. Due to (HYP-AC-1) and
(HYP-BE-1) on interval (1,4) C [L,4],

if1,i)(9)
C log(ep B N
= i_9 \/TVI max [Hl i— 2L3 max T 52 i 2Vq/n(1%)(2) + '%3,2'—2”217/51&)( + /§4(5:|
C 5 ¢ 1 2
+ ﬁﬂl,i—QL&max‘f‘ mmz A e
—|—C’5+ 2% [log(ep) n (VLmax log(ep)

Omin 1—2 Omin V1% — 2

As a result, we obtain a recursive inequality on x’s that

\ﬁﬁ[l,i] (5)

log(ep _ ~ _ - 1/2 ~
< Q:/#Vl?max [Iil,i—QL:a,max + ’<52,7L—2V;,/n(1qax2) + ’€3,i—2V27/rr1aX + /<64<5] (18)
- - O+ 2¢e°
+¢ |:,u1,i2L3,max + 2 21/;/11(1%)(2 + ——/log(ep) + Lmax 10%(619)}
Omin min

for some universal constant ¢’, whose value does not change in this subsection. Plugging in

€= 26/ \/ log ep VQ ,max > 26/ \/ log(ep)yl,max 2 Umina
\/%ﬁ[l,i}( )

< 5 [Hl,i—QL:s,max + H3,i—2Vq,/rfl%X )+ R oVl max + H45}

+ Q:/ {ﬁl,i—QL?),max + ﬁZ,i—2V1,/n(1%;2)}
1 1 1 ) — 2 1
B OO GO A G VP VU T GO
Omin Omin ’ Omin

~ 1 2 ~ 1/2 ~
< K1 L3 max + K2 znglgx ) + K3,iV2 max + K40,



DUAL INDUCTION CLT FOR HIGH-DIM m-DEP DATA 17

where € ,, = € . = €4, = max{2¢’, 1} and €3 , = max{82¢’, 1}.

Now we prove (HYP-BE-1) on n. We first upper bound the last term in Lemma 5.4:

10g ep 3/2 _ 0
C Z L 3,max T qu 3Vq,max] K[1,j-1) (5n—j)'

§>Jn O J

Applying (HYP-AC-1) to k[ j,l)(éfl_j) in Ty 1,

c Z log ep

ji>Jn -

)3/
[L3max + ¢7 Vg max] K1,j-1)(05—;)

1 3/2
coy )
57,0, jv/max{j —2,1}

~ 1/(g—2 1/2
X |:K71,j—2L3,max +KV2 —2Vq/n(1%)( )+H3 j—2V9 max+/€450 i|

[LB,maX + ¢q_3yq,max]

~ ~ ~ ~ ~ log(ep)/log(p(n—1))
We recall that k1,,—1 = €1 g i1 n—1, K2n—1 = €2 k2 n—1, K3n-1 = €3 o

and iy = €4, Y28 P) Based on Eq. (15) in Kuchibhotla and Rinaldo (2020), saying

= 1 C \/ﬁa
- < —
Z 52 o2 5 log < 5 ) 7

j=[J,] "I
’ (19)

we obtain

log(ep _ 0
C ((53)) [LB,max + ¢q 3Vq,max] Kl1,5-1) (5n7j)
n—j

vV
<

J

n

log(ep))3/2 _
(log(ep))™~ (L + 6% Vg ma]

o2
1/2
1/(q—2))1 + log(ep) \Y log(pn) VQ,/max
4]

(ﬁl,n—lL?),max + ﬁ?,n—ll/q,max 5

log(ep) log(pn) | . <1 N \/(T;w>

<

Bl

Omin

X

Omin
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In sum, as long as § > 1/21 flax log(ep) > omin and ¢ > 0, we have the recursive inequality
on zi’s that
Vi )
log(ep))3/? _ ~ ~ _
< Q:”((a%)) [L3,max + ¢q 3Vq,max] [Hl,nflL:S,max + M2,n717/;,41(1%x2)
1 510g(6p log
Omin ¢0'm1n
log(e 5/2 _
+€”( f Jp ( > L3 max‘{'q5 3Vq max]
min
log(ep))3/2 o _ log(ep) log(pn
4 e o8l 2;)) 1g<1+\f >[L3max+¢ Sy (ep) log( ),
g 4] Omin

where €” is a universal constant whose value does not change in this subsection. Tak-

ing 0 = m;a/"l{4fl/’)1} <L3 22 (log(ep))? + (V" 22 (log(ep)) ) q2> > ﬁé/Zy/log(ep) and ¢ =
og(ep

1
8+/log(ep)’
VI )

1 1
<3 maxﬂl jLB max T 3 maXNZ 1/(q 2)
2 1< 2 J<

J q max

4 /a-2) (log(ep))*/ =2\ \/log(pn)
amax " 2/(2)

(1og((;p))2 log (en)

+ Q:(s) <L3,max

Omin

for another universal constant 6(3), whose value only depends on €”. Taking €; = €, =
max{2¢®) 1},

(log(ep))?/log(pn)

Hn =G 020 min tog(en),

_ 1 )2/ (@=2) /1

f2.n = €2 (log(ep)) og(pn) log (en)
’ 2/(‘1 Z)Umm

satisfies

Vg ) < L3 max + /72,717/;7451%;2)7
which proves (HYP-BE-1) at n. This proves our theorem.

5.4. For 4 <q. In cases with finite fourth moment, we can obtain a better sample com-

(3,1)

plexity by decomposing the third order remainder E)%Wj . Based on the Taylor expansions up
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to order 4,

ZE [9% (3.1) m@;”}

Z< VE0r o (X1 + Y] IE[X]@?’D
j=1

CD\P—‘

1 — £
+5 2 (B [V20L (X g1 + Vi) EIXG © X © (X5 + X500)]) - 20)
J=1

+ Z V205 s (Xpj—1) + Yiran) | EIX; ® X101 @ Xjpo])

+ZE[ -w{]

where 9%( Y and 9‘{( Y are remainder terms of the Taylor expansions specified in Ap-
pendix C. 2 We re- appJIy the Lindeberg swapping. For brevity, we only look at the first term,
but similar arguments apply to the other third order moment terms. We observe that

<E[V3Pi,¢(X[1,j—1) + Y(j+1,n))]’E[Xa®3]>
= <E (V2056 (Yt 1) + Y1) vE[Xf@3]> @h

+ (B [V (Xingmn) + Yiam) = Vg Vgt + Yienm)] EIXS?)).

For the first term, because Y[ ;1) + Y{(;y1,,) 18 Gaussian, Lemma 6.2 in Chernozhukov,
Chetverikov and Koike (2020) and Assumption (VAR-EV) imply that

C log(ep))3/2
’<E (V2056 (Yig—1) + Yi41m)] aE[XJ@g’D‘ < n3/2L3,j( 5(p))

o3

C . (log(ep))’ =
log(ep
= n3/2 L37j Q20min '
For the second term, we re-apply the Lindeberg swapping: for j =3,...,n — 1,
<E (V2056 (X115-1) + Yirm)] = E[V205 (Y1) + Yi11m)] ,E[X?SD-
j—2
= > (E[V?p5 (X + Xe + Y- nug1.m)] (23)

i

1

-E [VSP$,¢(X[1,k) + Y + Y(k,j—l)u(j—i—lm))] ,E[X?3]>-

By the Taylor expansion cnetered at X1 x) + Y{(x j—1)u(j+1,n) the difference can be rewritten

as a sum of sixth order remainder terms:
n

> <E (V205 (X 1j—1) + Y1) — Vo5 (Yij—1) + Yiit1m)] ,E[Xj@3]>
=1
» 24)

n Jj

6,1 6,1

)
Il
w
e
Il
—
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where 9%( 1),[, is the sixth order remainder terms. The detail of the expansion and specifica-
tion of the ‘femainder term are given in Appendix C.4. Hence,

n

> (B [V20 (X g + Yger)] EIXE)

j=1
< ng (log(ep)) ZZE[ RO _ (61 }
> \/ﬁ ,max 20'm1n e X, Xk XY
Similarly,
n—1
S (B [V205, 6 (X1j1) + Yiza)] EIXG © X1 © (X + Xj40)])
j=1
C (log(e 2
<« Ot SO S S 07, 0] ana
=3 k=1
n—2
> (E[V20i o (Xpujm) + Yyram)] E[X; ® Xji1 ® Xj1a])
j=1
C log ep)) 272
S 7L3,max O’ + ZZE [ )?3;(19 — Dﬁig?fi)/k} s
min =3 k=1

where 9%( I),V and 9%( I)/V are similarly derived sixth-order remainder terms. Putting all
above terms together, we get

C dlog(ep) C +/log(ep) (log(ep))®
Hin S 7=+ —= L3:ma><27
' \/ﬁ Omin \/ﬁ ¢‘7m1n \/ﬁ 9" 0min

3 EARETU ES 3 3 SIS |
j=1

j=3 k=1

where %g?) W, = l%g?’lavk 19{2? 21)% + %2232% A similar remainder lemma with

Lemma 5.3 can be given for it 11) and %Q,Wk (see Lemma A.1), and summing up the
upperbounds iteratively over k£ and j results in a finite fourth moment version of Lemma 5.4
(see Lemma A.2). Finally, the dual induction of this lemma with Lemma 5.5 proves the
desired Berry—Esseen bound with finite fourth moments. The proof details are relegated to
Appendix A.1.

REMARK 5.6. As we discussed in Section 3.1.1, the bottleneck of our Berry—Esseen
bound is often the first term with the third moment (i.e., L3). A significant improve-
ment by the iterated Lindeberg swapping is reducing the term’s order of log(ep) from
/log(pn) log?(ep) to y/log(pn)log®/?(ep). One may repeat the Lindeberg swapping to fur-

(6)

ther improve the order. For example, the first term of Ry’ 1 is
79

1

1
2Au_w%w¢¢&MWﬂw+KMAMﬂmmX?®WF>“
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Based on the Taylor expansion up to order 7,

1

1
B /0 (1- t)2<v6pf~,¢(X[1,k) Wi+ Yoo nug+1m) X5 © W,§®3> dt

1
= 6<V6pi’¢(X[l’k) + Y(k,jfl)U(j+1,n))7Xj®3 ® W1§3>

1
+ 6/0 (1- t)3<v7pf~,¢(X[1,k:) +tWi + Y(k:,j—l)u(j-&-l,n))yX]@g ® W;§4> dt

1

=35 <VGP$,¢(X[1,1¢_1) + Y- nugm ) X ® W,§®3>

1t .
+ 6/0 <V7pr,¢>(X[1,k—1) +H(Xp—1 + Yer1) + Yog1,-1)uG+1,n))»

XJ®3 W @ (Xpo1 + Yk+1)> dt

e .
-, /0 (= 0%V 5 (Xt ) + Wi+ ¥iagyogr): X @ W)

Like Eq. (21), one may decompose the first term and re-apply the Lindeberg swapping:
1
6 <V6f°i,¢>(X[1,k—1) + Yier1g-nug+1m), X5 @ W;§®3>

<V 050 (Yivk-1) + Y1, j-1)0(+1m))s X ®W®3>

k-2

1
+ <V Pro( X1 + X0+ Y -1y + Y1, j—-1)ug+1m)
=1

= V0o (X110 + Yi+ Yiowon)  Yierrgonuianm) X2 © W),

To make a successful improvement, we recommend using piece-wise quadratic f;. 4, in-
stead of the piece-wise linear one defined in Section 5.1. This choice of f, 4 allows im-
proved remainder lemmas for the sixth, seventh and ninth-order remainder terms. At the
end, infinitely repeating the Lindeberg swapping may improve the order asymptotically to
V/1og(pn)log(ep).

In this paper, we do not pursue further refining Theorem 3.2. Because Y is Gaussian,
the dimension complexity cannot be improved from log4(ep) due to the last term with the
g-th moment (i.e., ). Hence, further Lindeberg swappings do not help match the dimension
complexity of CCK20 under bounded X;.

5.5. Without Assumption (VAR-EV). Assumption (VAR-EV) was invoked at specific
points in the proofs for the simplified versions. We made use of this assumption in two key
instances: first, in our selection of J,, during the "Partitioning the sum" step in Section 5.1,
and second, in obtaining the upper bound in Eq. (22).

For the first case, without (VAR-EV), let J,, = n (1 — min {%, m}) which gau-

rantees J, > 5 naturally. Then, the rightmost upper bound in Eq. (12) is f rather than
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%(i’/')ﬁ. Summing the replaced upper bound over j, we obtain

e o)

c (log(ep))>/? < \/ﬁ ) _3
< lo —_— L max T =2y, max
- \/ﬁa min{omin, o+/log(ep)} & [ > ¢ ¢ ]

+C Z g(5(3p)) [L&max + ¢ 3anmax} K[lvj*:g)((s"*j)
FESA "

The resulting induction lemma from « to p is (that is, Lemma 5.4 becomes)

C 6log (ep) C +/log(ep)
H1,n] < +—
’ \/ﬁ Omin \/ﬁ ¢Um1n
5/2
S, ] —
V1 o2 min{owin, o+/log(ep)}

(log(ep))/?
+C > o

3> n—j

) [L3 max T ¢ _3Vq max]

[Lgymax + ¢q_3Vq,max] K[1,5-3) (&;—j)ﬁ

and the same dual induction dervies the desired conclusion.
For Eq. (22), without (VAR-EV), the rightmost upper bound is %Lg j M rather

than ngQ L3 M That is,

o2

C 1 3/2
’<E (V2076 (Y g—1) + Yi1m)] S EIXG) > ‘ —ls (log(ep))™”

As aresult,

Q3

< C0loglen) | C Vioglen) | C (log(ep))
(L] = VN Omin VI POmin \f maXUlen{Umln’ \/l()ng}

Y[ [ ot 4 ’”z» B[, %0, |
j=1 3 k=

Moreover, the summation of ?R( b and %g() X,» We use the same .J,, to partition them. The
dual induction based on the resultmg induction lemma dervies the desired conclusion.

5.6. 1-ring dependence and permutation argument. We note that the Lindeberg swap-
ping in Eq. (9) is not symmetric with respect to the indices. The asymmetry resulted in
a worse rates in Lemmas 5.4 and 5.5, by having the maximal moment terms, L3 max and
Vgmax- 10 obtain an improved Berry—Esseen bounds with averaged moment terms, L3 and
Vg, as in Theorems 3.1 and 3.2, it is desired to relax the asymmetry in the Lindeberg swap-
pings. One such way is to take the average of the upper bounds over permutations of the
indices as done in Deng (2020); Deng and Zhang (2020). However, because 1-dependence
is specific to the index ordering, the only permutation preserving the dependence structure is
the flipping of the indices (i.e., X1 — X, Xo — X, —1,..., X, — X1), which is not suffi-
cient for our purpose. We allow more permutations by weakening the dependence structure
to 1-ring dependence. By allowing X; and X, dependent on each other, index rotations (i.e.,
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X1 = X;,, Xo—= X, 41,...,Xn— X, _1 with some j, € [1,n]) are added to the catalog of
available permutations. By averaging the upper bound in Eq. (9) over the permutations, we
obtain

El6] o (X(1.0)] = Elof (Y )]
1 n n—1

5
< Z Z ‘E [pmb(X(jmjoH)n + X(jot il T YGotigotnls) (25)
j0:1 le

)

o
~Prs(X (oot + Yol + Y(jo+j,ja+n]n)}
where [j, + j|n iS jo + j modulo n, and
[%]]n = {[Z]m [Z + 1]?17 LR U - 1]717 []]n}

The subscript n notates that the interval is defined modulo n. If the ambient modulo is ob-
vious, we omit the subscript. The other types of intervals, (4, j]n, [¢,7)n and (7, ), are sim-
ilarly defined. For full notation details, please refer to Appendix A.2. A similar permutation
argument also applies to Lemma 5.5; see Lemma A.6. The dual induction on the resulting
induction lemmas proves Theorem 3.1 for 3 < ¢ < 4. We relegate the proof deatils to Ap-
pendix A.3.

For 4 < ¢, there is the second Lindeberg swapping during the decomposition of the third
order remainder terms (e.g., Eq. (23)). The same permutation argument as in Eq. (25) pro-
vides the following averaged version: for 3 < j <n,

<E[V3P£,¢(X[1,j—1) + Y(j+1,n]) - V3P£,¢(Y[1,j—1) + Y(j+1,n])],E[X]®3]>
j—2 j—2

1
= 3_72 Z <E[v3p£7¢(X[kmka+k)J—2 + X[ko+k]j—2 + Y(ko'i'k:ko'i'j—l)j—zU(j,”]) (26)
ko=1 1

— V200 o (X bi)s—a + Ykt o + Y(kn+k,ko+j—1)j_2u(j,n])]7E[Xj®3]>-

Then, the dual induction with Lemma A.6 proves Theorem 3.2 for 4 < q. We relegate the
proof deatils to Appendix A.4.

<
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APPENDIX A: PROOF OF THEOREMS

A.1. Proof details of Section 5.4. We recall from Section 5.4 that

sup [Elpf o(X11)] ~ Elofo(¥.0)]| = 2B [ - 3]
T le

< Gt D S ol IS S S I |

j=3 k=1

where E)fig() W, = =1 %g? 1‘)% 1 D‘i(ﬁ 2) + %(6 3) W, - The upper bounds of the remainder terms

are given as the followmg lemma

LEMMA A.1.  Suppose that Assumption (MIN-EV) holds. For W representing either X
orY and j,k € [1,n] such that k < j — 2,

(log(ep))*’ (log(ep))(q_l)/2]

B ] <o

L4,maX537 Vg, max 5q—1

x min{1, k[ j_4)(0p_;) + K7},

6 (log(ep))*” (log(ep))' "2
‘E [mA(XJ),WJ ‘ < C¢L3,max L3,max? Vg,max 6(1_1
n— n—k

x min{l, k)1 x—3) (1) + KL -
2 2 , 0 — _On;log(ep)
where 62_. = 6% + g? max{n — 5,0}, 6°_ ;=126,_j+/log(pn) and K = oo/ ] as

long as 6 > Omin and o > m

Back to Eq. (9), we get

‘E[Pi,¢(X[1,n})] —E[0} (Y]]

2
< k% I, (log(ep))
\/ﬁ ngmin
- log(ep))3/? log(ep))d~1/2| o o
+ C¢ Z L4,max(g(§3)‘) + Vg,max ( g( 5(]))1 mln{l: "{[1J—4)(6n—j) + Hj}
j=1 n— '
. — (log(ep))™/2 (log(ep)) /2
+ C¢ z L3,max E LS,maxW + Vg,max 5q+2
j=3 k=1 n— n—

x min{1, Ky 3y (6 —x) + K7}
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P . .. . . o2
Partitioning the sum. Again, we partition the summations at .J,, = n(1 — m). For

the first summation, similar calculations with the finite third moment cases lead to

Cqbi (log(ep))* (log(ep)) 1/

L4,max 3 Vg,max a—1
2 52 5T

< C9
=V

+Co Y

J=Jn

] min{l, K:j(,-‘r((),j) ((5,,01_]) + H?}

L max

M +u (log(ep))(q+1)/2] log (1 + \FO->

max
@ Q2 a'min(gqi4

Q2 Omin

(log(ep))?/? (log(ep)) @/
L4,max 53 ] + Vq,max 5q—1‘ K[Lj) (5Z—j)
n—j

by noting Eq. (12) and that

Jn, Jn
L) <H 1 __ Clog(ep) -
n m§_1< n log(ep) __ Clog(ep) Jra
log (1+¥=), (@8
I=[Jn] 53‘1 _J=fz:n 097467 _iominy/J —1 7 o?omind?ty/n og\l+—5—) @®

for some universal constant C' > 0. On the other hand, for the second summation,

n (G=2)A ] 5/2 (g+2)/2
(log(ep))™/ (log(ep))
Co Z L3,max Z LS,maXT + Vg,max 5q+2
j=3 k=1 n—k n
OO L | Ly 0B <1og<ep>><q+4>/2]
max max 2 D) q,max 1
= 2 omind,_ |, | o2 Omind, |,
_Cop | (log(ep)  (log(ep) "
> \f 3,max 3,max Q4Umin q,max o Umln(sq 3 )
where the last inequality comes from %5 53 oS <>s (n_ Te? = g%, and
n—1 j—2 5/2 (¢+2)/2
1 1
C¢ Z L3,max Z [L&max(og(s(;p)) + qumax( Og(e;)gg ] Hz
J=[7n1 k=[Jn] n—k n—k
Lamas | Lama 22D (log(ep)) "
Z 3,max 3,max 020 (52 Vg, max 2 5!1—1
] (J ] 0"0min 0”0 min n—j
_Co (log(cp))" (log(ep))" "7 Vg
>~ \/—L?) max L3 maxW + Vq,max Q40'min5q_3 1Og 1 + T y

where the inequliaties follow Eqs. (19) and (28), respectively. In sum, we obtain a finite
fourth moment version of Lemma 5.4:
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LEMMA A.2. If Assumptions (MIN-VAR), (MIN-EV) and (VAR-EV) hold, and q > 4,
then for any 0 > omin,

H1,n]
C

dlog(ep) log(ep)
<= L3 max
o \/ﬁ Omin + ¢0'min * 3ma QQUmin

5/2 (g+1)/2
+C¢[L4,max<log§ep>> + v oB(eD) }bg (122

\/ﬁ 0“0 min on'rnin(sqi4
Co (log(ep))"/? (log(ep)) @/ Vnao

L3 max | L3 max max 1 14+ —
* \/ﬁ > [ > Q4Umin T Q4Umin5q_3 ©8 * )

n (log(ep))3/2 (log(ep)) =/ )
+C¢ Z [L4,maxﬁ + Vg,max 501 Ki1,j—4) (On—;)
=111 n= n=j

<1og<ep>>2]

j—2

- log(ep))®/? log(ep))(at2)/2 o
-+ C¢ Z L3,max Z [L3max((5(5)) + Vq,max ( ( 52_22 K[l,k*?») (571—19)7
7=[Jn] k=[J.] n—k n—k

for some absolute constant C' > 0.

Dual Induction. In this case, our induction hypothesis on n is

~ ~ 1/2 ~ —
\/ﬁu[lm] < Ul,nL3,max + ,UZ,nL4,/maX + M3,nV;7<1g%x2), (HYP-BE-2)

where

- log(ep))3/2/log(pn
Ml,n:Q:l( g( p?QO_ ) g(p )log(en),

¢ log(ep)+/log(pn)
2 OO0 min

log (en)

H2.n =

log(ep)+/log(pn)
Q2/(Q*2) Omin

fizn =3 log (en)
for universal constants €;, € and €3 whose values do not change in this subsection. If
¢1,C,, ¢35 > 1, then (HYP-BE-2), requiring Bin] < 1 only, trivially holds for n < 9.

Now we consider the case of n > 9. A similar induction argument with the finite third
moment cases proves

Viiri(1,(8) < FriLamax + FaiLy e + Fa vt U052 4 Raivyo + 758, (HYP-AC-2)

, 1M

log(ep)+/log(pi)

Omin

where K1; = €1 cli1,i, K2,i = Coxlioi, K3 = €3 x 30y Kai = €4 and k5 =

1/ log(e .
s g(p) for some universal constants €1 ,;, €3 ., €3, €4, and €5, whose values do

not change in this subsection.
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Now we prove (HYP-BE-2) on n. We first upper bound the last two terms in Lemma A.2:

. (log(ep))*/* (log(ep))\r~""2 o
CQS Z [L4 maxT + Vg max 5[1_1 Kl1,j-4) (5nfj)
Jj= ’—Jn.l n=J n—j
n Jj—2 5/2 (q+2)/2
log(ep log(ep o
+ Cd) Z L3,max Z [L?;max(gd(g))) + V%max( g( 5q)-22 ] &[l,k—fﬂ)((snfk)‘
J=[Jn]1 k=[J.] n—k n—k
Applying (HYP-AC-2) to k(1 j4)(d;_;),
(log(ep))*/2 (log(ep))\ T2 o
C¢ Z maxT + Vg,max 5(1,1 Kl1,5-4) (6n—j)
J=[Jn] n—j
log<ep>>3/2 (log(ep)) V"2
< ¢) Z [L4 max 53 + Vg,max 5(1_1'
J=[Jn] n—j

1/2 2) |~ 1/2 ~
[m i=5 L3 max + F2j—5 Lyl + Fajos Vgl 4 Fajos Vylmay + R500_

log(ep))@—1/2
L4,max(log<€p))3/2 + VquaX( g( p))

Co
= n

g1

" -
B N _ B 1
(R1,j-5 Lamax + Faj—5 Lyl + Fa 5 Vgt + Rajos Vo) 9 53
j:(Jn-‘ n=a
X n )
log(pn) > =—
L g=[Ja] " i
lo (¢-1)/2
<= L47max(log(ep))g‘/2 + Vq,max( g(e;)_)4
1/2
N B B _oy. 1 log(ep)v/log(pn) Vo' max
(Ml,n—l L3,max + H2,n-1 Léll,/n?lax + H3n—1 V‘%n(;laxg))g + g( )O'm 2’2%
y min

log(ep) log(pn) | . (1 N \/?0>

Omin
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by Eq. (19) and that K1 ,—1 = €1 xflin—1, K21 = €2 kllon—1, K3n—1 = €3 xl3n—1,

log(ep)4/log(p(n—1)) log(ep)

and k5 = C5

Fan—1=C4p . Similarly,

j—2

n log(ep))3/2 lo (¢+2)/2
C¢ Z LS,max Z [L3max(g(p))+yq,max( g(ep)) H[l,k*?))(é;)L—k)

5 +2
3=[Ja] k=71 O 6n”

j—2

SCQZ) Z LS,max Z

J=[Jnl k=[Jn]

5/2 (g+2)/2
Lo (1og(5ep)) + Vgma (10g(€p))2
5n7k 5Q+

~ ~ 1/2 ~ 1/(q—2 ~ 1/2 ~
X [Hl,k% L3 max + K254 Ly max + K354 Vol D Ry s Vomax T F50p—;

(log(ep))®/? (log(ep))(@+2)/2
LS maxT Vg,max 511

SC¢ zn: LS,max

J=1Ja]

~ ~ 1/2 ~ 1/(g—2 ~ 1/2 ~
X [/ﬂ,k—zx L3 max + K2,k—4 Ly oy + K3 k—a Vel Ry s V27/max + K552_j}

(log(ep)) st/
§9—3

< C¢L3,max |:L3 max (log(ep))5/2 + Vg max

1/2
. log(ep) 1og(pn) V2lmax

/(-2 1

- ~ 1/2 ~
. (Ml,n—l L3,max + p2,n—1 L4,max + H13.n—1 Vg max )5 Omin 5
1 1
og(ep) log(pn) log (1 N \/ﬁa>
Omin 6
In sum, as long as § > v. 1/2 log(ep) > omin and ¢ > 0,
2, max
Vi )
I (log(ep))®/? n (log(ep))ta—1/2
<@y e g% PR 526503
a (log(ep))®/ (log(ep))(a+2)/2
+ L3 max |:L3,maxa_45 + Vg,max oi5a-2
[,Uq n—1L3max + f2n— 1L4/maX + pi3, fqu/Iﬁgx”]
dlog(ep) log(ep) (log(ep))?
(1) | log(ep 7. (log(ep))?
+Q: Omin + Qso'min Bmax anmin
1 3/2 1 (g—1)/2
Limas ( Og(eé?)) N qux( Og(ef)l4
(4) a Cad Vno
+e¢Wep log {1+ ——
cro o Gos(en)®? - (lo(ep)) @2 ’
3,max 3,max Q4 g,max Q45q—3

where ¢ is a universal constant whose value does not change in this subsection. Taking

5 = 8¢ (LB"‘“ log(ep) + (L4 “““)E + (”“U“;”‘)H> V1og(ep) > ﬁé/Qx/log(ep) and
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b= e
8+/log(ep)’
V[

<

—_

~ 7 1 ~ =12 1 — 1/(g—2
5 1}13;(/11,]'[/3 + 5 %1373(#27]'114 + 5 glfggugdyq/(q )

+ log (en)

Omin

— 32 )01 1 log(pn)
) (. (log(ep)) 1/2log(ep) | _1/(4—2) log(ep) og(p
¢ <L3 52 +1, y 7 /a2

for another universal constant 6(5), whose value only depends on €”. Taking € = €, = €3 =
max{2¢®) 1},

g Cog(ep)) 2 log(pn)

= 1
fi = € LDV og (en),
- log(e log(pn
f2n = €2 8lep)v/log(pn) log (en)
O0min
- log(ep)+/log(pn
H3n =3 B(ep) v log(pn) log (en)

22/(11—2) Omin

satisfies

= =12~ /(e
\/ﬁﬂu,n] < pinls+ ,11«27”[/4/ + M3’nyé/(q 2),
which proves (HYP-BE-2) at n. This proves our theorem.

A.2. Review on the ring Z,,. To facilitate the notations under permutation arguments,
we introduce the notion of integer ring Z,,. Let Z,, = 7Z./nZ be the ring with additive operation
+ and multiplicative operation - of modulo n. For brevity, we allow a slight notational conflict
to denote the elements by 1,...,n such that n(=0) and 1 are additive and multiplicative
identities, respectively. It means that the next element of n is 1, which is the same as n + 1
modulo n. When we need to specify, we denote ¢ modulo n by [i],,. We reference textbooks
in abstract algebra such as Lang (2012) for detailed properties of the ring structure.

We also define a distance and intervals in Z,,. For i, j € Z,,, the distance between ¢ and j
is defined as

d(i,j) =min{|i — j + kn| : k € Z},
where the operations inside the parentheses are on Z, and the closed interval is defined as

[, 410 = {liln, [0 41y - [F = s []n}-

The subscript n notates that the interval is defined over the ring Z,,. If the ambient ring is
obvious, we omit the subscript. The other types of intervals, (i, j]n,[¢,]), and (,7)n, are
defined similarly.

A.3. Proof of Theorem 3.1. The proof for 1-ring dependent cases with finite third mo-
ments is similar with the 1-dependent cases in Section 5. In 1-ring depent cases, we need to
address the additional dependence between X; and X,, and the average across the permuta-
tions in Section 5.6.
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Breaking the ring. First, we note that the Berry-Esseen bound under 1-ring dependence can
be reduced to the bound under 1-dependence:

sup [Elp2 o (X{1,n)] — E[p2 o (Yie.)]|

reRd

< sup
reR?

E[p} o(Xitm)] — Elbf 5 (Vi)

E[p7.o(X(10))] — Elpfs (X [1,@)]‘ + sup | B[ 4 (Y1,n)] = Elpf. (Yi1m)]|-

reRd

+ sup
reRd

Note that we removed X,, and Y, from X[y, and Y[y ,, respectively, to break the 1-ring
dependence. By the Taylor expansion centered at X{; ),

P£¢>(X[1 n}) - Pf¢(X[1,n))
<V20r ¢(X(1n-1)); X§2> + <V2P£,¢>(X(2,n71))a Xn ® X1> (29)
+ <V2pr,¢(X(1,n—2))aanl ® Xn> + 9%()(3)7

where ERS?) is specified in Appendix C. This is the same for p’ sMimp) — 0 (Y1) but
with Y in place of X.

First Lindeberg swapping. We bound sup,cpa E[pi s(X1m)] —E[pi s(Y[1m))]| by the

Lindeberg swapping as in Section 5.1. Here we define

c _
Wiy =X +Yiin):

Note that unlike Section 5.1, the n-th element is removed. Then,
n—1
3,1
> E [pﬁ,(b(W[?,j] +X5) = P (W5 } Z E [ 2yt (30)
j=1

where 9‘{( U and %Q ") are remainder terms of the Taylor expansions specified in Ap-
pendix C. 2

Second moment decomposition and second Lindeberg swapping. To bound the second
moment terms in Eq. (29), we re-apply the Lindeberg swapping. For simplicity, we only

look at <V2 pﬁ, qs(X (1,n—1))7 X§2>, but similar arguments work for the other second moment
terms. Because E[X®?] = E[Y,®2],

(E[V200 o(X(n1)] E[XF) = (B [V2 (Vi )] E[VE2])
- Z< [ Pro(X(1) + X5+ Y1) = V20 4(Xa,) + Y5+ Y(j,n—l))} E [X77] >
By the Taylor expansion up to order 3,

< {VQPW( a, n—l)):| JE [X;?QD - <E [V20£,¢(Y(1,n—1))} E [X§2]>

J

g ]
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where 9{(3’2’1)

<E [V P£,¢(X(2,n—1))} E[Xn® X1]> - <E [Vzﬂf,dy(z,n—l))} E[Xn ®Xl]>

is the third-order remainder, specified in Appendix C.3. Similarly,

_ZEPR(:;M (322)}’ and

< {V2Pr s(X n—2))] E[Xn ® Xn71]> - <E [V29£,¢(Y(1,n—2))} E[Xn® Xn71]>

n—3
=S B[R - m @]
=2

where 9‘{(3 %2) and 9%(3]2 %) are simlarly derived third-order remainder terms. Putting all the
above terms together

P s (X(1n)) — PO ¢(X[1 ) = P (Yiing) + P (Vi)
Dt ZE [REY - R3]
%9%%2’1) + 9‘%%2’2) + 9‘{%2’3), and

[E165 o (Xpt0)] — Bl (Yia)]|

where 9‘{% 2

P2 (X)) = P26 (X)) — P2 (Yimg) + P2 (Vi)

< 1o (Ximy) = Pf,¢(Y[1,n))‘ +

<[nY - 2P|+ ni(tﬁ: [REY - R+ niQ‘IE [P - 2P|,
j=1 j=2

Remainder lemma. Similar to Section 5.1, the remainder terms E)%gy), 9{(3 R and 9‘{(372)
upper bounded by conditional anti-concentration probability bounds. For ¢ > 0 let
Jj+3 k+3
Lqj = Z Lq,j andL Z L k1,25
=j—3 k'=k—3

where [k];_2 is ¥’ modulo j — 2, and 7, ; and U [, , are similarly defined.

LEMMA A.3. Suppose that Assumption (MIN-EV) holds. For W representing either X
orY and j € Zy,

’E [ } ’ =€ [ nt dr%"’”} (10g((€£))3/2 min{r(9,,-1)(65) + . 1},
‘E {9{%[3,11)] ) <C [Eii,j + gbq_gﬁq,j] W min{rx ;_3)(0,_;) + K5, 1},
n—j
’E [m%ﬂ} ‘ <C [f’&j + E3,n + g0 (Vg5 + Vq,n)] (k)g5(§17))3‘/2
n—j

X min{li(17]‘_2) (5701_]) + "{?7 1}7
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9 log(ep)

here 52 _ _52 0 = o /max(,1}
wnere +U ma'X{n j’ } Umin\/m

, Oy =126, log(pn) and k5 as

long as 6 > omin and ¢d > Tog ( o7

Permutation argument. We apply the permutation arguement to Eq. (9) as in Eq. (25).

Bl (X[1.0)] — Elpf g (V)]
n n—1

1 5
<S>0 ‘E [Pr,qs(X(jmjm) + Xjots T Y(otigotn])
jom1i=1

4
=06 (X(osgoti) T Yiers + Y(jo+a‘,a‘o+nl)] )

where the indices of X and Y are defined in Z,,. Together with the results in Lemma A.3,

E165 o (X11.00)] — Elpf 6 (V)]

C [ g~ log(ep))®/? . ) .
S g Z |:L37j0 + ¢q 31/q»joi| M m]n{]., ’{/jo_l’_(Q’n_l) (50) + K/n}
Jo=1

53
n n—2
- log(ep))®/? . o o
+ — ZZ [Lgdo-f-qbq 3 ,jo] ( (53 ) mln{l,fijn+(17j,2)(5n,j)—I-/<cj}
.7071.7 2
n n—1
3 log(ep))/? . 0 0
+— Z > [L?’uoﬂ +¢7700, Jo+]:| (;3)) min{1, k; 4 (1,-3)(6n_;) + K7},
Jrlj 1 n-

where j, + (2,n — 1) is the shifted interval of (2,n — 1) by j, in Z,, namely, {[j, +
By -y [Jo+n—2]n}

2
Partitioning the sum. We partition the summation over j at J, = n(1l — M)
notable distinction from Section 5.1 is that we should also take averages over j, alongside

the summations over j. For j < J,,

3 log(ep))¥/? 0 0
*Z > {L3,Jo+J+¢ ’ ,ym} ( (gg ) min{1, £, 4(1,j-3)(0n—;) + K7}

Jo=1j5<J,
C = 3~ (1og(ep))?’/2
SIS [ + 0 s | o —
Jo=1j<J, n—j

og(ep))?/

5 oo
G<Tn n—j

] (log(ep))>/?

2 .
0”0 min

C = _3_
S%[L3+¢q 3Vq

9
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because of Eq. (12). For j > J,,

C < = 3 (log(ep))®?
Y o 6T | g mind Lk 0,40 (67) + 15}
Jo=14>J, n—j

g (10g(€P))3/ g 0
<= Z Z |:L3,],,+j + 178 ,]wi-]} 53 H(Jo,yoﬂ)(d )

jo—1j>J
31 (log(ep))*/
+C Y [La+ 00 =iy
J2Jn n=J
The last term is upper bounded by
C Z [Z?,—’—Qﬁqigﬁq] (10g(6p)) /ﬁjo‘,l
i>Jn n=j

]Mlog <1+\/?0>

C
<—I[L =3y
N \/ﬁ r3 * ¢ ve U Omin
because of Eq. (13). In sum, we obtain the following induction from r;(¢) for I C Z,, to
pin) = H(X (10 Yiin)-

LEMMA A.4. If Assumptions (MIN-VAR), (MIN-EV) and (VAR-EV) hold, then for any
o> Omin,

Hi1,n)]
< O doglen)t M/¢ [ 5+ 0177 Mlog(en)
N \f Omin \/ﬁ q 20 min
c n ~ o (log(ep))3/2 ,
T > D [L?’vjo +¢f 3”61’3'0} T“jﬁ(&j—z)(‘sn—j)

Jo=13=[J,] n-=j

L (log(ep))?’/ 2 0
+ — Z Z [L&Joﬂ + ¢ s 7Jo+1} 53 jo+(17j—4)(5n—j)’
Jo—lj [Jn]

for some absolute constant C' > 0.

Anti-concentration inequality. We note the following monotonic property of «:

LEMMA A.5. Suppose that Iy and I are intervals in 7, satisfying I' C I and that §' >
d > 0. Then, k1(5) < k(0.

PROOF.
K[1,i(6) = Sélug P[XT € A5l Z7,0\1]

=sup E []P)[XI’ € AT—XI\I/,§
reRp

< SélﬂgE [P X1,) € Arexp 05| 22,0 17]

< su}é) E [kr (5’)}5&%”\[} =rp ().
reRp

2ol 220 1]

X1
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O]

Thus, for any § > 0, K3 ;(5) < 232_11 K[j,j+i,+1] Where i, = L%J Thus, we obtain the
following averaged version of Lemma 5.5.

LEMMA A.6. Suppose that Assumptions (MIN-VAR) and (MIN-EV) hold. For any i €
[6,n) and § >0,

K1, z‘](5)
io—1
C log(ep
< (@ (V1,541 F V1) Bt (1i) (€ )+“j+(17i0)>
o ]:1
§+2e° |1 L
+min{ 1,0002 Jloslen) L, C L Jlosten)
Omin 1o — 2 Omin o — 2

where i, = | %] and £° = 20e\/log(p(no — 2)), as long as € > omin

Dual Induction. Let our induction hypothesis on n be

Vg < Bt Ls + fio 7y 072, (HYP-BE-3)
where
- log(ep))?/2+/log(pn
Mm:@l( g( ))2 g( )log(en),
O0“Omin

log(ep)+/log(pn)
g2/(fI*2) Omin

ﬂgm = Q:Q log (en)

for universal constants €; and €2 whose values do not change in this subsection. If €;, o, >
1, then (HYP-BE-3), requiring Hi1m) < 2 only, trivially holds for n < 16.

Now we consider the case of n > 16. Suppose that the induction hypotheses hold for all
intervals with lengths smaller than n. We first derive an anti-concentration inequality for any
such intervals. Without loss of generality, we only consider the intervals [1,¢] with i < n. We
claim that

\fmm (0) <k1 ZLg (L T Ko zul/[(q} 2) + K3 11/2/[1 i + K40, (HYP-AC-3)

log(ep)+/log(pi log(e
where K1; = €1 ofi14, ko, = Coxfln, k3 = €3 —— " i p) 2(r) and kg = €4 mff

some universal constants €y ,;, €3 ., €3 ., and &y 4 whose values do not change over lines.
If & 4, €k, €3k,Cax,> 1, then (HYP-BE-3), requiring rf; ,(6) < 1 for all 6 > 0 only,
trivially holds for ¢ < 16. For ¢ > 16, assume that (HYP-AC-3) holds for all smaller i’s. By
Lemma A.6, for any € > o, and § > 0,

K1,i) (9)

1
< C Z\/logep

T i —1

(V1,541 + v1ja,) min{1, k54 1, (€°)}

1o—1

5+22° flog(ep) | 1,00 log(ep)

. O )
Omin To—2 Omin lo — 2

+
o— 14
j=
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where i, = | %], €% = 20e+/log(p(i, —2)) and C > 0 is an absolute constant. Due to
(HYP-AC-3) and (HYP-BE-3) on intervals j + (1,7,) C [1,1],

K1, (5)

C Z \/log ep

— z _13/2

(V1441 + V1 +i,)

- T ~ -2~ 12 ~
. [“LWQL?’JHMO) +R2i,-2Vg i 1,) T R8a-2V 4 (14,) T R40

¢ = —1/2
+ m Z 2 10—2L3 J+(1,i) T (io 3/2 Z 2 Zr)_2L4]Jr 14.)

7j=1
io—1 -
_1/(q-2) 6 +2¢° [log(ep) 71,1, log(ep)
Z _13/2 Zﬂ3zo—2yq]+ll)+c Omin 1o — 2 +C(Tmin iO—Q.

To provide an upper bound in terms of L3 and 7,, we use the following lemma based on
Jensen’s inequality.

LEMMA A.7.  Suppose that j,k > 5. For any q1,q2,q3 > 0 and a <1,

1 — o T o
- > Laviotila Gojors) < CLaLg,
Jo=1
and
7j—1

Q17]n+] T T T T«
. 2 : ] 1 Lq27jo+[ko+k]j—lLq37jo+(l,k+l)]‘—l < CL‘IlL(DL%’
]0—1 ko=1

where jo + (ko, ko + k);j—1 is the shifted interval of (ko ko + k)j—1 by jo in Zy, namely,
{Jo + [ko + 1]j=1,...,Jo + [ko + k — 1]j_1}. The same inequality holds when some L is
replaced with v.

Based on the lemma,

J+1i.) S CLg (2,5-1),

1o — 1
o j=1

o—1
1 % - I
1 2 g g ) La ) < OP1Lag Ls ey,
o ~
Jj=1

o1

I _1/2 12

io—1 (41 + V17j+io)’/27j+(1,io) < CVL(I,Z’)VQV(QVZ‘_l)'
i=1

Similar inequalities hold with ﬁé/ (@=2) 4 place of L3. As a result, we obtain a similar re-

cursive inequality on k’s with Eq. (18) except that L3 max, Vg max> Y1,max and V2 max are re-
placed with Z%[M], Vg 14> V1,1, and Uy 1 4, respectively. Solving the recursive inequality,
we prove (HYP-AC-3). The proof of (HYP-BE-3) also proceeds similarly using Lemma A.7.
In the end, we obtain a similar recursive inequality for jz’s with Section 5.3 except that L3 max
and v, max are replaced with L3 and 7,, respectively. Solving the recursive inequality, we
prove the desired (HYP-BE-3).
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A.4. Proof of Theorem 3.2. We recall from Appendix A.3 that

[E165 o (Xpt0)] — Elof o (Yia )|

< Pi¢@Yumﬂ‘—P?¢0ﬁLm)‘+'P?¢@Xumﬂ<—Pi¢CYumﬂ<—ﬁ€¢(YhmD-+Pi¢0ﬁLm)

<[nY - 2P|+ ni(E [REY - R+ HZQ\E [ - 2P|
J=1 j=2

In Section 5.4, we improved the rate by decomposing the third order remainder 9‘{5,[, ) when

the fourth moments were finite. Namely,

e -]

O (og(ep)? +Z‘E[m(41 %,u”leg‘lg 0 -0, ]|

n 020 min o

In 1-ring dependence cases, there exists additional third-order remainder terms 9%%,?,) and

i)f{g?QI)/I/k, which came up while breaking the 1-ring dependence in Appendix A.3. Based on

Tya'ior expansions up to order 4 and the second moment matching between X; and Y}, we
decompose the additional remainder terms. First,

R

= 6<V P2 o (X (10— 1))7X§3> + <V3Pf,¢(X(Ln*3))’X”—2 ®Xn-1® X”>

+< prd) 2n—2))7Xn—1 ®Xn®X1>+<v3p£’¢(X(37n—1))7Xn®X1®X2>
<v3pr ¢( (1, n—2))7Xn71 ® X, ® (anl + Xn)>
<v3pr¢< (2n—l))7Xn®X1®<X1 +Xn)>

+RY,
(€29)
where E)fig?) is specified in Appendix C. This is the same for p° sYimg) — S s(Y[1,n)) but with
Y in place of X. To bound the third-order moment terms, we re-apply the Lindeberg swap-

ping and the Taylor expansion up to the sixth order as we did to <]E[V3p;f’¢ (X[1,5-1) + Y4105 E[X]@?’] >
in Section 5.4. As a result,

n—2
3 3 C — (log(ep))? 4 4 6 6
oy o7 < S ot S, )|
k=2

0" 0Omin

where iRg()W is the sixth-order remainder term specified in Appendix C.

For Y "~ =2 )E [ )?jz) — %Yj } ), by the Taylor expansion up to the fourth order,

Tf [9‘{(3 ,2) } ZE [9‘{(4 ,2) (4 2)
j=2
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where SR( ?) is the fourth-order remainder, specified in Appendix C.3. Putting all the above
results together we get

‘E[pr,qﬁ (X[l,n])] - E[pr,gi)(yv[l,n})] ‘

<£L3(log(6p ‘9%(4) m(4)’+Z’E[ (4,1) 41])+Z‘E[ (4,2) 5 )H

n 20 min

+ZZ‘E[ X)X S?J)YJ :

7=3 k=1

+Z’E[ XX, _mXYJ

Remainder lemma. Similar to Section 5.1, the remainder terms are upper bounded by con-
ditional anti-concentration probability bounds. For ¢ > 0, let

j+4 k+4
Lqj = E Lg,j: and L Z L );-0
7'=7—4 k'=k—4

where [£] ;2 is & modulo j — 2, and 7y ; and T ), , are similarly defined.

LEMMA A.8. Suppose that Assumption (MIN-EV) holds. For W representing either X
orY and j, k € Zy, such that k < j — 2,

4 ~ (log(ep))?)/? _ (log(ep))(qfl)ﬂ
‘E [iﬁ&)} ‘ <C¢ LZMT + Vym o

X min{H(S,n—Q) (58) + /igw 1}7

‘E [9{%44/’1)} ’ <C¢|L W > '(log(ep))(q_l)/2]

53_ q,] 6q—1

X min{/ﬁ[17j_4) (52_3') + ’f?a 1})

(log(ep))*/2
53
n—j

+ (Vg + Van)

B[] | <00 | (Lag+Lun) (log(ep) )(ql)/zl

q—1
5n_j

X Il’lil’l{li(lyjfg) (67017J) + ﬁ?7 1}7

log(ep))?/2 log(ep (¢+2)/27]
B (30| < Colan | Eapy, SEE = + 7pg, SEER,
571,7]6 5Z—k

x min{r p—3)(6p_x) + K¢, 1}

(log(ep))’? _ (log(ep))\7"2/?]
Lk, 3, Vg [k 5012

o o | <o

x min{kp p—3)(65_x) + K§, 1}

2 52 On—; log(ep)
where §2_ . = 6%+ o> max{n — j,0}, §9_ _j =126,_;+/log(pn) and k3 = P e pEYE as

long as (5 > Omin and ¢6 > log( o
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Permutation argument. Back to Eq. (26), for 3 <j <n —1,

<E[V3P£,¢(X[1,j—1) + Y1) — V2 (Vo) + Y(j+1,n})]aE[X]®3]>

j—2 j—2
S — > < V200 6 (Xlko oo k)2 + Xkl + Yikort ot j—1); _2UGim])
ko=1k=1
= V200 (Xt e t), 2 Yotk T Ylko bkt -1, a0Gi)))s BIXT 3]>
e 2 -2 3/2 (q—1)/2
Ls; (log(ep)) (log(ep))
PP [ R e

X MIN{ Kk, ko +k—3); 5 (On—k) + KRy 1}

The permutation arguement also applies to the first Lindeberg swapping in Eq. (25). Together
with the results in Lemma A.8,

168 (X11.)] =l (V)|

n n—1

5
Z > E [Pr (X ogots) + Xjots + Yt gotn) = Pro (X gots) + Yiers + Yo tsijotn)
]0—1] 1
2
< € 1, lloglep)
= vn " c2om
Cp o~ |+ (log(ep)®?  _ (log(ep) V| o o
+— n Z [L4=Jo(53 Ya.jo (5/2)q_1 mln{lvﬁjo+(3,n72) (50) + Hn}
Jo=
n n=2T —1)/2
Co = (log(ep))*?  _  (log(ep))" . 0 .
+ 7 Z Z L47jo 53 ] + Vq,jo (5 j/2)q_1 mln{laﬁjo+(1,j—2) (5n—j) + Kj}
jo=13j=2 L n—j n-
n n—17[ -1)/2
C¢ = (log(ep))®? _  (log(ep) . ; 0
+ 7 Z Z L4,j,,+j 53 . + Vq.jo+3j (5 j/2)q_1 mln{l,/ijo+(17j_4) (5n—j) + Hj}
Jo=17j=1 n—j n-
n n 7 j—2 j—2 (g+2)/2
Co Lsj,+j X > (log(ep))®/? - (log(ep))

x min{1, K, ¢ (k, ko+k—3); 2 (On—k) + KL},

where j, + (ko, ko + k);j—1 is the shifted interval of (ko,k, + k);j—1 by jo in Zjy, namely,
{do + Ko+ 1j-1,- -1 Jo + [ko + k= 1];1}.

2
Partitioning the sum. Again, we partition the summations at J,, = n(1 — m) The
calculations of the first three summations are similar to those in Appendix A.3. Here we only
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take a look at the last summation where the summation iterates. For k& < J,,,

1 Z Z LS,JO+J Z

(G=2)AJn]

7 (log(ep))5/2 ~ (log(ep))(q+2)/2

L3 j, 4 lko+k], o 55 T Vel
k

q+2
;o_lg 3 =1 o

s Z ZLSJOH >

]o—lj 3 k=1

Ty [L n(log(ep)*/? | n(log(ep>><q+2>/2]
3

- 14

G- " (-2
<£ " z |z n(log(ep))7/2 B n(log(ep))(Q+4)/2
_\/ﬁj:?) 3 L3

(j— 2)Q20min5721_ A ! (4 — 2)Q20m1n5n_1LJ ]

log(ep)2 _ (log(ep))T+9/2
Ul  Goslep) O]

where the third inequality comes from Eq. (12) and the last inequality comes from the fact
C
that 2‘7;:3 m S Z;-ng m S a2 log(en) For k > Jn,

fz i LSJOH Z Z [ 3,Jo+kot+k];— (10g(€17))5/2,+§ i (log(ep))(q+2)/2]

65 qa]o+[ko+k}j72 5q+2
Jo=1j=[Ju] ko=1k=[J,] n-k

C —
< —
_\/ﬁL3

0 “Omin

X min{1, K5, 1 (k, ko+k);_» (On—k) + KR}

n

|

L log(e 5/2 " log(e (a+2)/2
1y > Dai D> [ngoﬂk o, Noslen)®? (log(ep))

55 Q1]O+[ko+k]j—2 q+2
k )
21] [Jn] ko=1k=[J,] n n—

X K 4 (koskotk);—2 (On—)

log(ep))5/ 2 (log(ep)) @)/

5 v q+2
LS k=[J.] On—k 0,

Based on Lemma A.7,

(log(ep))*’* (log(ep) 22|,
72 Z L3J +J Z [L?’(JU,JOH 55 T V4, (jojo+i) 5i+2 Ky,
]o*lj |—J-‘ n—k
(log(ep))7/ . (log(ep)) /2
Z Z L3,]o+j LS ]m]o-‘,—]) +Vq7(jo,jo+j) 1
’I’L3/2 Jo=13=[J,] mi 5 n—j O—Qamlnén —j
C 5~ 7. |7 Uoalep) | (log(ep)) ™"
<—0= L3 |L +7v
- nﬂzf;n] 3[ 3g20min672l—j ! QQO'min(SZ:;
1,

_\f

where the first and last inequliaties follow Eqs. (12) and (19), respectively. In sum, we obtain
the following induction lemma.

14+ Y2
q _
Q4Um1n Q4Umin5q 3

7, los(en)™ <1og<ep>><q+4>/2] log < fa) |

|
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LEMMA A.9. If Assumptions (MIN-VAR), (MIN-EV) and (VAR-EV) hold, then for any
J 2 Omins

H1,n]
C dlog(ep) C \/1()'57617 (log(ep))?
<— +— L37
N Omin \/ﬁ (Z)Umln \/ﬁ O'QO'min
5/2 (g+1)/2
C¢ [+ (log(ep)) ﬁq(log(ep)) " log(en)
\/ﬁ QQUrnin QQUmin(5/2)q 4

Co— |- (log(ep))™?  _ (log(ep))\r+4/?
* %L?’ [L3 Q4Umin * qu4Umin(5/2>q_3 log(en)

+

0o 5~ N~ |7, om(en)™ = (log(ep) VP2 0
2 P e ]

non-lf (-1)/2
Co = (log(ep))®? (10g(€p)) 0

5> 5/2 (g+2)/2
L log(e ~ log(e q
X Z L3 o+ koK) 2% (log(ep)) ]

+ v, ,
5 TJot[kotk]j—2 q+2
ko=1k=[J,] 5n—k (5n—k/2)

X K, 4 (kg kotk—3); -2 (On—k)s

for some absolute constant C' > 0.

Dual Induction. Based on Lemmas A.6 and A.9, we proceed the dual induction in the same

steps as Appendix A.1, but using Lemma A.7 as in Appendix A.3. As a result, we prove for
any n,

V(1) < FanLs + fion Ly * + fig a7/ @2, (HYP-BE-4)
where
s log(ep))?/2+/log(pn
m’n:@l( g( ))2 g( )bg(en)’
0”0 min
- log(e log(pn
Hon = €2 5(ep) v1og(p )log (en)
00 min

log(ep)/log(pn)

C e
Ham =587 /a2,

log (en)

for universal constants €1, € and €3 whose values do not change over lines, and for any
1 <n,

Vikg(0) < R Ly + ReaLy oy + Rs 7+ Fagvyy y +Fsb, (HYP-AC-4)
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(ep)+/log(pi)

~ ~ ~ ~ ~ ~ ~ log ~
where K1; = €1 xpl14, K2,i = Coxll24, K3, = €353, Ka,i = Cap — and k5 =

1/ log(e; .
€57,{ﬁ for some universal constants €q ,, €2 «, €3 4, €4, and €5, whose values do

Omin

not change over lines. This proves the desired Berry—Esseen bound.

APPENDIX B: PROOFS OF LEMMAS

B.1. Proof of Lemma 5.2. The smoothing lemma is the result of the serial application
of the following two lemmas. Lemma B.2 is a corollary of Theorem 2.1 in Chernozhukov,
Chetverikov and Koike (2020). We provide a standalone proof in Appendix B.2.

LEMMA B.1 (Lemma 1, Kuchibhotla and Rinaldo, 2020). Suppose that X is a p-
dimensional random vector, and Y ~ N (0,X) is a p-dimensional Gaussian random vector.
Then, for any § > 0 and a standard Gaussian random vector Z,

0 log(ep)

V/ming—1,.p 2

LEMMA B.2 (Chernozhukov, Chetverikov and Koike, 2020). Suppose that X is a p-
dimensional random vector, and Y ~ N (0,X) is a p-dimensional Gaussian random vector.
Then, for any ¢ > 0,

p(X,Y)<Cu(X+02,Y +6Z)+C

c log(ep)
X,Y) < sup [E[fp0(X)] — B[f, (V)| + = ——2P)
HXY) < supB{f (X)) - Elf o (V]| + 54 P
For any 6 > 0,
dlog(ep)
p(X,Y)<pu(X+62Y +62)+C (32)

Vming_1 %
Then, for any § > 0 and ¢ > 0,
WX +0Z)Y +62)

C log(ep)
< Csup|E[fy (X +62) —Blfru(Y +62)]| + — | —F
Tg@' [fr.o( )] = E[frg( i P | Erw—
C log(ep)
<C’su]EfX—IEfY‘+— AN A
<Csup [p7.(X)] = Elpy (V)] PV rw—

In sum,

dlog(e log(e
E[pl (X)) ~ El} (V)] +C g&fi—@ 2
B.2. Proof of Lemma B.2. By Lemma B.1,
P[X € Ar] < E[fr,qﬁ(X)] = E[fr,¢(y)] + E[fr,qﬁ(X)] - E[fr,¢(y)]
SPY €A, 1]+ E[frg(X)] — Elfr s (V)]

n(X,Y) < Csup
reRd

C log(ep)

<PYeA |+ —y —————,
| d ¢\ ming—y ., X4
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and similarly,

C log(ep)
< 1 N min
IP[Y S Ar] = P[Y € AT*QI] + ¢ mini:1,,,_,p Eu

Hence,

_ _ ¢ | loglep)
TS:RQIP[XeAT] P[YeAr]\ngRglE[fm(X)} E[fro(W)Il+ — o\ mins, o

B.3. Proof of Remainder Lemmas. We observe that all remainder terms are in forms
of

1
(B—1)!
where 1 < 3 < avand Jy, J2 and J are subsets of Zj, satistying 27,, %, and #{;, . 07

are mutually independent. We also note that 27, U %7, U {W*} is independent from
W{ji.....jn_s)- Here we prove a succinct form of the remainder lemmas:

1
/O (1—t)°"'E [<v0‘p£,¢(XJl +WHE Y, + W), (52 W;,) @ W}@5>] dt,

LEMMA B.3.  Suppose that Var|Yy,|% <] = o I, for some o > 0 and p-dimensional
identity matrix I,. Then, for any 1,72 € [0, 1] and 1 > 0, remainder terms in the above form
satisfy

1
/0 (1)K [<vap;§7¢(le WA LY, W), (R0PW) ® W?ﬁﬂ dt‘

<C [(log(;];))‘w min {1,k (0°) + /{O}]
L5
tostemyalE et e wi||

¢’725/’Yz—77 a—p3 ; N
E Wi Moo l|lW. Wollm W ||n
" (log(ep)) e 72 kI:[lH oo W1, IW 12 + WA L)

where ‘(@:;fW )® W?’B‘ is the element-wise absolute operation, §' = /62 + % , 6° =
126"\/log(p|J1|), and k° = Slog(ep) long as § > owin and ¢ >

Omin\/ ‘J ‘

We prove the above generalized remainder lemma here. Because Var[Y,|%/c| = gg Ip,
2 2

log(ep)

Y,|%e 4 Y +ay, - Z, almost surely,
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where Y7 is the Gaussian random variable with mean E[Y;,|%/c| and variance Var[Y,|#/c] —

o3 a7, 1I,,. For brevity, let W° = X, + YO Because §' = /6% + gi, the remainder term is de-
composed into

1
/ (1-t)'E [<V"p£7¢(XJl +WHE Y, + W), (0P, @ W}MH dt
0
! 1 5’ -8 ®B
- /0 (1-t)°'E Kvapw(wo +WHE W), (5 W) @ WS >} dt
1
= [ B [T 07+ W W) (5P © W Y]
0
1
+ / (1= )P 7E [(Vo ol (W2 + W 4W), (3 W5) @ W5 Y, 2] it
0

1 1
_ / (1= £ \Tyy, 1 (£)dt + / (1= £ Ty, o(t)dt,
0 0

where
Iw, 0 = Lyw, e and jwe o< =V
Iw,2 = Lyw, e or W oo 2 s}
We upper-bound the terms Ty, 1(t) and Ty, 2(t) separately. First,
T, 1(2)]

- ‘E [<V°‘p§§f¢(W° + W W), (232 W) © W$B>HWJ’1} ‘

Z V(il""’ia)pi:qb(wo—i-wl+tWJ)' H Wj(zk) H W}ik)‘HWJ’l

Byl k<a—p k>a—p
<E Z sup| Vi ZA‘”)p;i/(z)(Wo~|—z)‘' H H Wlk) w1
11,sla z€B k<a-p k>a—
(33)
< Z E |sup|v (- ’ia)pij¢(W°+z)" H W“‘ H Wy’“) Ty,
P k<a—p k>a—p |
= > E[Sup v<ih~--7ia>p£7’¢(W0+z)}]E IT w™ T wi| Tw,.
iryia  2EB k<a—B k>a—p

<E| Y7 sup|vimnl oy 4 2)| | | [|@ziwi) e wi|]|

. . zeB
21505l

where B={z: [|2]|c0 < m} and ’( O‘751/1/- L) ® W®B‘ is the element-wise absolute

operation. The fifth equality follows the independence between W and #;, ;. .17 We

o Ja—
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decompose the expectation term on the last line by

| £ sty o)

. . zeB
11550

SE[ Z sup’V(il""’i“)pf:(b(ij’+z) 'HW071:| 34)

—|—E [ Z Slelg v(11771a)p£:¢(wjo + Z)‘ . HW”,2:| 7
z

i1yeia

where the value of A > 0 will be determined later, and
Twe,1 = H{HWO—@ATHNSHW log(ph)}’

Iwez = ]I{\|W078AT|\OC>126’\/log(ph)}'
For the first term, based on Lemmas 6.1 and 6.2 of CCK?20,

E [ Z sup V(il""’ia)p£:¢(W0 + z)‘ -Hwo’l}

. . zeB
1150 0la

< sup Z sup V(i17"”"“)p£:¢(w + z)‘ - E [Ty 1]

weRP irai z€B
¢7 (log(ep)) )/ /
<C e P {1y, = 04,y e < 126" /Iog(ph)|

Y1 10 ep (a771)/2 .
< C¢ ( g(;a_)zl mln{l,/w1 (125'\/10g(ph)>},
for any v; € [0, 1]. For the last term, based on Lemma 10.5 of Lopes (2022),

sup)V(“""’i“)pﬁ/ We+z ‘ oo 1
E[ Z 2€B ’¢( ) Sc(yah'

i17~'~ala

Plugging the last two results in Eqs. (33) and (34), the resulting upper bound for Tyy, 1 (t) is

¢ (log(ep)) @ M)/ , 1
Tw,1(t)| <C [ = mm{l,li]l (125 10g(ph)>} + e

< leizimae s

’ ‘ ’
o0

for any ¢t € [0, 1], 71 € [0,1] and h > 0. Replacing the minimum with 1 and minimizing over
h >0, we get

¢ (log(ep)) /2
5/04*71

Ty, 1(t)| < C HE [\(®Z;ijk)®W?ﬁ\H\

o0

Moreover, plugging-in

h— Omin | J1 |
55177 || Toglep) 7

we obtain

i, a0 < 0 LB e [ v 0w |

5o kg, (07) + K°),

U
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where §° = 126"+ /log(p|J1]) and ° = 218 1y qum,

uminy/11]
T, 1(2)]
<o (log(g/@f_)zl(a_%)/z HE H @2Pw;,) o WP H HOO min{1, ks, (0°) + K%},

forany t € [0,1], 1 € [0,1] as long as 0 > oy and ¢d > @. Now we bound

T, 2(8)] = |B [{F2 6 (W2 + WH 4 1W,), (2727 W) @ W57 ), ]|
Conditional on W and W7,
E [’]vapij¢ (W" WA tWJ) HJ W WJ}

a O o J‘{ ch
<B[|[Voy (W0 WE 0 )| Lo <ron i | W 19

a o o a'a a'a
+E[HV Pr.¢ (W +W +tWJ>HI]I{HWO—@A,,,/Hoo>106/\/10g(ph)}’W ’WJ]7

where 7’ =r — WH — tW is deterministic given W* and W ;. Applying Lemmas 6.1, 6.2
of Chernozhukov, Chetverikov and Koike (2020) and Lemma 10.5 of Lopes (2022) to the
two terms, respectively,

ot (v s )

QS’YZ log ep (04—’)@)/2
P ;J; p o < 105'/log(ph) | W, W] +C

¢ (log(ep))@—r)/2 .
S C 5172 min {1, K.J, <10(5l 10g(ph)> } + ij
almost surely, for any v € [0, 1] and h > 0. Putting the last two results together,
1 Tw, ,2(t)]

72 (] (a—72)/2 1
<cC <¢ ( Ogéfef_)za min { 1,5, (105'/loa(ph)) | + 5'ah>

1
d"h

[||W0 —9A,

a—p
xE [H HijHooHWJllgoHWJ,z] :
k=1

forany 7, € [0, 1Jand h > 0. Because T2 =Ty, or e oz 23 Z T, s oy F

P s v
(W | > 2}

a=p
E H!\ij!!oo!!WJ!!foﬂwJ,z]
k=1
a—pf a—f
<E Wi ool Wy |21 , +E W, Wyl|2 I :
Ll;[lll JkHOOH ||oo {IW || oo> ljg(ep)} kl;[l” ]kHOOH ||oo {||W41HOO>\/IOZ(7£M}

_ (log(ep))"””

< sm

)

a-p
LTI llso WS W 12 + W1 2)
k=1




DUAL INDUCTION CLT FOR HIGH-DIM m-DEP DATA 47

for any 7 > 0. The resulting upper bound for Tyy, 2(t) is
Tw, 2(1)]

¢72 (log(ep)) @)% / 1
<C [ S min {1,/<LJ1 <105 log(ph)>} + 57,

(log(ep))™/?
X e

a=p
E [H Wi lloo W15 (W 1 + (1WA 12)
k=1

for any v, € [0,1], n > 0 and h > 0. By similar choices of i with for Ty, 1(t), we obtain

T, 2(t)]

6 (log(ep))* 22
5/01*’)/24*77

<C [ min {1, s, (6%) + fs"}]

a=p
TTIW e IW 12 IW a1 + W12
k=1

forany ¢ € [0,1] and 7 > 0 as long as § > oin and ¢6 > - g( o) Putting the upperbounds for

Tw,1(t) and Tyy, o(t) together, we obtain the following upper bound for the entire remainder
term:

1
/ (1-t)"'E [<Vap£,¢(XJl + WHE LYy, +tWy), (®g;]_ﬁwjk) ® W?ﬁﬂ dt‘
0

<C [(k)g(;];))m min {1,k (0°) + /10}]
e EleEmews |

@128/ a—p 5

for any 71,72 € [0,1] and > 0 as long as & > oy and ¢J > 10g( - This proves
Lemma B.3.

Lemma B.3 implies all the remainder theorems in the main text and appendices of this
)

paper. For example, in Lemma 5.3, one of the third-order remainder terms in 9‘{%1 is
J

N M“ 025 (W ) X7
1
—=F [/0 (1 ft)2<v390i (X[Lj_l) W Y +th) ,X;@3> dt] |

where W[C 1= = X + Y, n] and W = X j—1 + Yj 1. Because of Assumption (MIN-EV),
Var(Y(j 1,0 j+1,0)] = c®max{n — j — 3,0} - I,. Let 0 = o?max{4,0} and 5J2- =

NIERS g?. Applying Lemma B.3 to this term with v; =0 and 2 =1 = ¢ — 3, we obtain
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for ¢ > 3,

[ K (X 1)+ W+ Y + th) ’Wj®3> dt} ‘
oo

(log(e ))3/2
53

IN

min{1, kp j_1)(6p_;) + K7}

XHWHW?ﬂHx+W*EMWWQNWW£3+W%A+W%ﬂ§%H

log(ep 3/2 _ . o o
< 07( g(g?, ) (L + (20)7 (Vg -1 + Vg + Vajr1)] min{1, k1) (65 ;) + K9},
n—j

where 5" = 120,,—j4/log(pn) and K = (S'”;}#g(% as long as § > oiy and ¢6 >
On max{j,1

- Based on similar applications of Lemma B.3 to the other terms of 9{( 1) , for ¢ > 3,

log(ep
i+3 j+3
3,1 (log(ep))** [ 3
o [0 <o 2 mr o 3 v
n=a J'=j-3 J'=j-3

X min{ﬁ 1 ];3)(5373‘) + K’?a 1}7

aslongas d > omin and ¢ > ; ( ok Similar arguments and bounds apply to %E,V) and 9%(3 2)

For the fourth-order remamder terms, we consider the first term of Dﬁig,vj ).
1
3/—4 6§ C 4
E [/0 (1—1) <V oW 5y +1X5), X7 > dt]
! 4 4

:E[/O (1—1) <V pr¢( [1j_1)+WJ‘L—|—Y'(j+1’n]+th),X;8 >dt] .

Applying Lemma B.3 to this term with y; =9 = 1 and n = ¢ — 4, we obtain for g > 4,
1
‘IE [/ (1— t)3<v4goi (X[Lj_l) W £ Y+ th) ,W]®4> dt] ‘
0

< Comin{l, kp j_1)(65_;) + K7

y [(log(ep))3/2 HE [

. (=1)/2
]|+ Leeter) IE[HPV}Hio(HPV}H§54—FHﬁ(j14-Y3+1H$§4ﬂ]

0 ) Gy /27T
log(ep))3/2 log(ep))a—1)/2 .
<C¢ (g(ggp)) 4+ ( (g( ?)/)2)q_1 (Vg,j—1 + Vgj + Vg,j+1) | min{1, /-;[Lj_l)(éfl_j) + /{;?},
. i

as long as § > oy and @6 > Based on similar applications of Lemma B.3 to the

log(ep)
other terms of 9%( 2 , for ¢ > 4,

3/2 Jtd 1 (a-1)/2 it
@] < (log(ep)) ) (log(ep)) .
E |30 < oo 5 j;_f“ P T 2

X min{/ﬁ[l,j_zl) (5»2_]‘) + K‘?v 1}7
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as long as d > opin and ¢ > Similar arguments and bounds apply to 9%%,) and 9%%,;2).

log(ep)
Finally, for the sixth-order remainder terms, we consider the first term of D‘iggﬁll)/l,k :
J»

1
. [/o (1- t)2<V6ﬂi,¢(X[1,k) +iXp + W,j—nu(ﬁl,n)),E[X}@?’] ®© W’§3> dt]

1
- [/0 - t)2<vﬁp?¢<X k-t T WE - Yiper jonoganm) + X6 B @ W;?3> dt} ,

where W# = X;._1 + Y, 1. Applying Lemma B.3 to this term with y; =y, = 1 and 5 =
q — 3, we obtain for ¢ > 4,

1
'IE [/O (1—1t) <vﬁpr¢( M)+th+Y<k,j_l)u(j+1’n))’E[X]®3]®W]§3> dt”

< Comin{l, kp j_1)(65_;) + K7}

oB(ep)™ g | oo & )|

O,
8 (g—1)/2
log(ep))\? . _ _
+ OBl e [l ] B Wi + X + Vel )]
(log(ep))®/? (log(ep)) )72
<Co¢Ls; (Lg 5 + (Vg p—1 +vgr + Vq,k—i-l)W

x min{r x—1)(6p_x_5) + Kg, 1}

Similarly, we get

k+2 / k+3 (q+2)/2
‘E[ ) ”<C¢L3J < Z Low (logégp))5 2 n Z Vo (log(ep))'? )

k' =k—2 n—k k'=k—3 (On—r/2)7+2

x min{r ,—3) (6, 1) + KZ, 1}
Similar arguments and bounds apply to the other sixth-order remainder terms.
B.4. Proof of Anti-concentration Lemma. We use a similar approach with Ap-

pendix B.3 to upper bound E [Rx,,, .1 3&”(2-,”]] .First, we decompose E [Rx, , .1 %”(m]]
by

E [mX{w—l}vlw{(im]]

1
=E [/0 <V¢i,6+so (X[l,i] — tX{Zil})’X{z,il})dt‘ Qf(zn]:|

1
=E [/0 (Vi sper (X1 — tX (2,0 1), 35{2,11}}]13@)&' X(i,n]]

1
+E [/0 (Vihgreo (X — tX(2-13), Xpoim13)I> (t)dt‘ e%(i,n]] 7
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where ]IS (t) = ]I{HX[L’L] - tX{Q,i*l} - 8147«754_50 ||oo < EO}, H> (t) = ]I{HX[I,Z] - tX{2,i,1} —
O0A; 51e0|loc > €°}. Based on Lemma 2.3 of Fang and Koike (2020),

1
E [/o (Vo s1eo (X1 — tXp2-13), Xpo,i-13 )< (t)dt‘ ‘A@//(zn]:|
1
<E [ JRLCICE tX{Q,z»_l})nlk(t)rX{z,i_l}noodt\ 5&1@

log(ep !
< VD [ 10X o) vt

%n}]

We use Tonelli’s theorem to switch the order between the integration and the expectation
conditional on Z(;_s 3):

1
E {/0 ]Ig(t)HX{Z,il}HOOdt‘ ‘%(m]]

1
<E [/O E [T<()1 X 2,i-13 lloo| [ Z(i=2,n+3)] dtl %(n]]

1 (P[X([3-9 € Ar, ol Z(i—2,n43)]
=E [/ ( [ X12,i—1} loodt| 213 n)
0 \ +P[X[3-9 € Ar, co| Z(i—2,n43)]

< K[3,i-2) (EO)E[”X{Q,i—l}Hoo’%(i,n]] = K[3,i-2] (€2) (11 (X2) +v1(Xi-1)),

where r =Tr— (1 - t)X{27i_1} — X1 — XZ' - ((5—!—50)1 and r9=7T— (1 — t)X{zﬂ-_l} — X1 —
X; + (6+¢°)1 are Borel measurable functions with respect to X (i—2,n+3)- On the other hand,
based on Lemma 10.5 of Lopes (2022),

1
E [/0 (Vih sreo (X — tX(2-13), Xp2i-13)I> (t)dt‘ «%m]]

1
<E [ /0 IV oo (K — tx{z,i_l}wlh(t)rX{Q,i_l}uoodt] %(]}

1 1
= 7€h4E [/ E [”X{Q,i—l}HOO‘ 35(@'—2,%3)] dt' %zn]]
0

1 1
= %E[\\X{z,pl}”od%(i,nﬂ = gﬁ('/m +v1i-1)-
Putting the above result and Eq. (17) back to Eq. (16), we get for any A > 0,

]P)[X[l,i] € Ar,6|«%(i,nﬂ
log(ep) 1 )

<(v12+vii1) (0 o max{Lrp ()} + o7
d+2e° [log(ep)

Omin 1 — 2

+C

+ 23,2
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o . — 1/4
Plugging in h = <“? m) ’
]P)[X[l,l] S Ar,5| Qf(z,n]]

log(ep)

<C(vi2+v1,i-1) max {1, k3,9 (%) + K7 o}

d+2e° [log(ep)

Omin 1 —2

+C +2:u’[37, 2]

1
where €° = 105\/10g (pmax{ip —2,1}) and kS e mZi({] i}’

cause the righthand side is not dependent on 7, for any € > Omin,0 >0,
K1, (9)

as long as € > opin. Be-

log(ep 0
<C ((Vl,z + Vl,z‘—l)s()ﬂ[:a,iz] (%) + M[3,z‘2]>

54220 flog(er) | Priu) los(ep)
Omin 1—2 Omin \/Z'—2'

B.5. Proof of Lemma A.7. Suppose that j,k > 5 and o < 1. Because x — x* is con-
cave, by Jensen’s inequality, for any q1, g2 > 0,

— «a
L z %Z?:l thiJerqQ,(i,i—&—j)
n Z th—&-] q2,(1 H-]) T
q1

+C

IN
i

q1

o
2T et Lani i1 L
q1 f

IN
|

(0%
n — N —
@ (j—qu2> < 2%Lg, Ly,

Similarly, for any ¢, g2,q3 > 0,
J—1

- Z ¢Z1ﬂ+] ) °
j—1 Q27H‘[k+”j71 qs,i+(LE+D) ;1
=1

n j—1 15 Lgpit -1 . T . @
< 1 Ly, it L n Zi 1 Jl 1 =1 qu z+[k+l} 71Lq371+(l,k+l)%1
=n Z j—1 qz,i+[k+1] 1 ,1 ﬂ

Zz 1 45— E q2 i+ [k+ -1

=1 =1

1 i+ T «
< 1iL I A S e v w+k+lb 1 Las
<- aritilos ity | T 7

i o i1 ql Y

1 — n o
. ; Lay i+ L, ii+j) <j_1Lq3>

oo

- -
< o qu,iJerqz,(i,i-I—j)qu
=1

q27i+[k+”j—l

7—1

< 2a+1qufq2 Z LQ2 »i"r[k-ﬁ-l]jflzgs :
=1
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APPENDIX C: DETAILS OF THE TAYLOR EXPANSIONS FOR m =1

C.1. Breaking the ring. We apply the Taylor expansion to p‘rs ¢(X[17n]) centered at
° 4(X[1,n)) as follows:

P25 (X(1n)) = PR (X))

= (T Xu) + 5 (T20al(K ). X5

1 ! 2 3 0 ®3
+2/0 (1—1) <v P8 5 (Xpim) + 1 X0), XE >dt.

Because X[ ) and X, are dependent via X; and X,,_; due to 1-dependency, we re-apply
the Taylor expansion to V,o‘; ¢(X [1,n)) and \& pi ¢(X [1,n)) centered at X(q ,,_1y:

<VP§~,¢(X[1,n))7 Xn>

= <Vp£,¢(X(17n—1))vXn> + <V20£,¢(X(1,n—1))aXn ® (X1 + anl)>

1
+/ (1 - t)<vgpi,¢>(X(1,n—1) + t(Xl + Xn—l))?Xn ® (Xl + Xn—1)®2> dta and
0

5
<v2pr,¢(X[1,n))aX§2>
<v2107“¢( (1n—1))7X7?2>
1
4 [T Xy + 0+ X)) X2 0 (X4 X)) .
0
Similarly,

<V2P£,¢(X(1,n—1)), Xn® X1>

<v2pr¢( @2n=1))s Xn ® X1>

1
+/ <V3p£7¢(X(27n_1) +1tX2), X, @ X1 ® X2> dt, and
0

<V2P£7¢(X(1,n—1)), Xn ® Xn,1>
<V2,0r s(X(1n=2)) Xn ® Xn_1>
/o <V3Pr¢( (12 +1X2), X, @ X; 1 ® Xn_2> dt.
In sum, because E[X;] =0,
E [Pi,qs(X[l,n}) - pi,qS(X[l,n))}
— %<E[v2p‘ﬁ,¢(X<1,n_1))},E[X§2]> + <E[V2pf’¢(X(2,n_1))],E[Xn ® X1]>

+ (EIV200 (X1 n)) X1 0 X)) + B[R]
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where S)f{g?) is the summation of all the above third-order remainder terms. That is,
"

1

1
— 2/ (1-— t)2<V3p£7¢(X[Ln) +tXn),X$?3> dt
0

1
+/ (1- t)<v3ﬂg,¢(X(1,n—1) + (X1 + Xn-1)), Xn ® (X1 + X"*1>®2> d
0

1 1
+ 2/ <v3p£7¢(X(17n,1) +t(X1 + Xn_l)),X§2 & (Xl + Xn_1)> dt
0

1
+/ <V3pi’¢(X(27n,1) +1tX92), X, ® X3 ®X2> dt
0

1
+ / <V3Pi,¢(X(1,n72) +1X2), X @ Xp 1 ® Xn—2> dt
0

3)

To further decompose Ry, we apply the Taylor expansion up to order 4. For example,

1 ! 3 3
5 | (= 0P(T 0o (X +15,). X5

1 1
5 00T (X + 1), X5) .

1
= *<V3Pi,¢(X[1,n)),X§3> +
6 6/,

Again, to break the dependency between V3 pﬁ ¢>(X [Ln)) and X3, we re-apply the Taylor
expansion centered at X1 + X,,_1.

<V3P£,¢(X[1,n)),Xf?3>
<v3107“¢>( (1n—1))7X7(-LX)3>
1 1<V45 X X ®3
pr,¢( (1,n—1)+t( 1+Xn—1))7Xn ®(X1+Xn—1) dt.
0

Repeating this to the other third-order remainder terms, we get

R
é<V Pro(X(tn-1)), X®3> + <V3Pi,¢(X<1,n—3))’an2 ® Xn-1 ®Xn>
+ <V3pf,¢(X(2,n_2)),Xn—1 ®X,® X1> <Vgpr¢( Bn-1)): Xn ® X1 ® X2>
<V3PT¢( (1n—2))s Xn—1 ® Xp ® (Xp—1 + Xn)>
<V3Pr¢( @2n-1))s Xn ® X1 ® (X1 + Xn)>

+ Ry,



54

where
R

1

1
_ 6/ (1— t)3<v4p£,¢(X[1,n) + tXn),X;?4> dt
0

1 1
+ 2/ (1— t)2<V4p£’¢(X(1,n,1) + (X1 4+ Xn1)), X, @ (X1 + Xn_1)®3> dt
0

1 1
+ 2/ (1— t)<V4pf’¢(X(17n,1) + (X1 + X,1)), X2 @ (X + Xn_1)®2> dt
0

1 1
+5 / (T4 o (K non) + UK + Xn1)), X5 @ (X1 + X))
0

1
+/ (1— t)<V4P£,¢(X(2,n—1) +1X2), X5, ® X1 ®X§®2> dt
0
1
+ / (1 — t)<V4p,‘i¢(X(17n_2) + tXn72)7Xn ® Xn-1® Xf?—22> dt
0

1 1
+ 2/ <V4P£7¢(X(2,n—1) +tX2), Xn @ XP? @ X2> dt
0

1 [t
+ 2/ <v4p£,¢(X(1,n—2) + tXn—2)aXn & X§21 X Xn—2> dt
0

1 1
+ 2/ <v4p£7¢(X(2,n,1) +1X2), X¥? @ X, ®X2> dt
0

1 /1
+ 2/ <V4P£,¢(X(1,n72) +tXp—2), X2 ® X;1 ® Xn—2> dt
0

1
+/ <V4p£7¢(X(3yn_1) + tX3),Xn ® X1 X, ®X3> dt
0
1
+/ <V4p£7¢(X(27n_2) +t(Xo+ X5-2), Xn®@ X1 @ X1 ® (Xo+ Xn_2)> dt
0

1
+ / <V4p£,¢(X(1,n—3) + tXn73)7 Xn & anl ® Xn72 & Xn73> dt.
0
The third-order moments in Eq. (31) are further decomposed as in Appendix C.4. As a result,

<E [V%%(X(l,n—l))} vE[X§3]>

(B [T )] BT + S e, o],
k=2

<E {VSP£,¢(X(1,n—3))} EXp2®Xn1® Xn]>

= (E[V*0 (Vi) ElXn2® Xoor @ X)) + SE [RER, - mEn .
k=2
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<E [Vgpi,qs(X(Q,nﬂ))} EXp1 @ Xn® X1]>

n—3

= (E [0} o (Vizmo)| BN @ X 0 X)) + SOE[REY -],
k=3

<E {V3P£,¢(X(3,n71))] EX, @ X1 @ X2]>

= <E [V?’pi,qs(Y(s,n-l))] E[Xn ® X1 © Xa > ZE {946 ¥ E?Q] ’

<E [v?' o X(Ln,m)] E[Xp1 © Xn ® (X1 + Xn)]>

n—3
= (E [V (Vi) ElXn 1 © X © (X1 + X)) ) + DB [RED - %ED], and
k=2

(E[V3 4(Xan1)]|  ElXn © X1 © (Xno1 + X))

= (B[00 (Viznm)] E[Xn ® X1 © (X1 + X,) >+ZE[ OO

Because Y is Gaussian, by Lemma 6.2 in Chernozhukov, Chetverikov and Koike (2020) and
Assumption (VAR-EV),

oo (en))3/2
(B [V?05.6(Yan-1)]  E[XZ?])| < nS2L (1 g(gl;))

¢, (log(ep))?
_n3/2 . Q2Umin .

Putting all the terms together,

2
0 0min

%Y -nf| < —L (og(ep))® + |3 - +n§\1€ [0y, -2,
=

Wherefﬁg()w 19‘%&?11/3, —i—iﬁg(VI)/ —Hﬁg“,[), +9‘{(64) +19%(65) + 19‘%?16,‘)&

C.2. First Lindeberg swapping under 1-dependence. We apply Taylor’s expansion to
each term with ¢ of the Lindeberg swapping in Eq. (11). We only show the expansions for
j=3,...,n— 2 here, but the calculations for j =1,2,n — 1 and n are similar. We recall the
notations

c _ I — C
W[LJ] :X[l’i) +§f(]’n} and W[’L,j] = W[i*l,j%*l]'
First,
er (W + X))
= WS ) + (Vi (WS, ;) + 5 (V2w ). X22)
= Pri) Pri g hAa ) T\ v P g bRy

1! 2/ o3 C ®3
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We further apply Taylor’s expansion to the second and third terms:
(Vi (WS ), X;)

= {(VeEWi-), X, ) + { V2E (W), X; @ (Xj—1 + Y1)

PriVg)s A PriWig)s & j—1 1 Yjn

1
+/ (1-1) <V3cpi (WG,L]-] +t(Xj1 —l—Yj+1)> X ® (X1 +Yj+1)®2> dt,
0

(VW X57)
= (V). X57)
+ /01(1 —t) <V3907€~ (W[j'b‘] + (X1 + Yj+1)) X2 @ (X1 + Yj+1)> dt.
Last,
<v2§01€"(W[§-{_j])’X]’ ® (Xj1+ Yj+1)>
= (V2 (W), X5 ® X1 ) + (V3 (Wi)), X @ Y )
= <V2¢i(W[ﬁ1,j])an ® Xj—1> + <V2<Pf(W§,Lj+1])an ® Yj+1>
+ /01<v3<pi (Wi + 152 ) X5 @ X1 @ X o ) dt
+ /0 1<v3<pi (Wi + 542 X @Y1 @Yjp0) ) .
In sum,
E |of (W, + X))

€ C € AL
@r(W[j,j]) + <v90r(W[j7j})an> +

€ € 3,1
+ <V2QPT(W[;-L—1,J'])7X]' ® Xj—1> <v2(pr(W[j{_j+1})7Xj ® Yj+1> + %gfj )

Bl ]+ (s[msson] i)« e [rssons] 2 ]

+ <IE [V%Di(w[#_u])] EX;© Xj*1]> + E[g}‘%l)]’
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where
1
(3,1) _ 2/w3 C ) ®3
R = 2/0 (1—1) <v o (WM +th) X > dt
1
+ / (1—-1) <V390i (W[j‘{_j] + X1+ Yj+1)) , X5 @ (X1 + Yj+1)®2> dt
0
1
+ / (1= 1) (T (Wi + 10Xt + Y1) ) X520 (X1 + V) ) dt
0
1
+ /0 <V3g0i <W[j'-|;1,j] —|—th_2) ,Xj ®Xj_1 ®Xj_2> dt

/0 <V3 (W[J J+1] +tYJ+2>  Xj®Yj©® Yj+2)> dt.

9‘{(3 Vs similarly derived. For j =1,2,n — 1 and n, 9‘{( Y is the same as Eq. (35) but with
zero in place of non-existing terms. Summing over j = 1 N,

ZE[pm 5t X5) - pf,¢(W[§7j]+Y} ZE[ 31)}

To further decompose 9%%_1)

where j =4,...,n — 3,

;/1(1—@ <v3 (W[]J]+tX),X]®3> dt

0

, we apply the Taylor expansion up to order 4. For example,

1 L
= (PRl (W), X7%) + 6/0 (1= (VA0 (WS 1), X7 dit.

Again, to break the dependency between V3 pﬁ ¢(X [1,n)) and X®3 we re-apply the Taylor
expansion centered at X1 + X,,_1.

(V2P (WS ). X5%)
= <V3Pr¢(W[ i) X®3>
+/0 <V4P£,¢(W[J (X1 +Y40)), X @ (X + Yj+1)> dt.
Repeating this to the other third-order remainder terms, we get
E [9%&?;1)}
= %<E [V3P£,¢(X[1,j—1) + Y(j+1,n])} aE[XJ@gD
4 5 (B [V Xy + Ygona)] BIXE% @ X))+ EIX; 1 @ X5
+ <E [V3P£,¢(X[1,j—3) + Y(j+1,n])} EXj 209X ® Xj]>

+E RG],
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where

1 1
R = 6/0 (1= 03T (WG, + £X,), X2 dt

J

1 1
+ 2/0 (1 — t)2 <V4Pi,¢ <W[j'|:]] + t(Xj—l + Y:j-‘rl)) “X"7 ® (Xj—l + }/j+1)®3> i

1 1

1
+ 6/ <V4P£,¢ (W[j'{_j] (X1 + Yj+1)> X2 @ (X1 + Yj+1)> dt
0
1
_|_/ (1 — t)<v4p£’¢ (W[j-L—lJ] —G—th,Q) ,Xj ®Xj71 ®X;8i22> dt
0
' ) i
+/o (1- t)<V Pr.é (W[j,j+1] +75Yj+2) Xj @Y ® J+2> dt
1! 5
+ 2/0 (T4 (Wi + X2 )  X; @ XP2 @ X ) dt
1
+ 2/0 (Vi (Wi + Y502 ) X @ VR @Y dt
1
+/ <V4p£’¢ (W[ﬁl,jJrl] + t(Xj_Q + Yj+2)> Xic1®X;0Y,11® Xj—2> dt
0
1
+ / <V4P§z¢ (Wﬁil,jﬂ} + (X2 + Yj+2)> Xj1@Xj @Y ® Yj+2> dt
0
LYo s 2
+ 2/0 <V Pr. (W[] 1,4] +tX] 2> ,X]® ®Xj_1 ®Xj_2> dt
LYo s o 2
+ 2/0\ <V ,07.7¢ (W[],]'i‘l} + tY}'+2) ’Xj® X }/}+1 & }/j+2> dt
1
+/ <V4’0§“7¢ (W[J 2,4] +tX; 3) XX 1 ®Xj 9 ®X];3> dt
0
! 5
+/ <V4P7~,¢ (W[j‘J:j-i-Q} + th+3) Xj®Yj ®Yj2® Yj+3> dt.
0
(35)

9%(4 Vs similarly derived. For j =1,2,3,n —2,n — 1 and n, 9{%,’]_1) is the same as Eq. (35)
but 'with zero in place of proper terms.

C.3. Second Lindeberg swapping. Foreach j=2,...,n—2,
<V2Pi,¢ (X + X5+ Yin-) 7X§2>

= <V20i7¢ (X(1.5) + Y1) =X§2> + R
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where Ry, 3’2’1 fo pfw (X, +tX; 4+ Yn-1)) . X52 ® X;) dt. Furthermore,

iRg?],?,l)

3 6 2
= (Vg (K1) + Yi) X2 @ X; )
1
45 2 2
+A (1 — t)<V Pr.¢ (X(l,j) +th + Yv(jm_l)) ,X? & X]® > dt
= <V3p£7¢ (X(1jm1) + Yisrn-)  X32 ® Xj>

1
+/0 (L= 0{ V4P (K1) + X5 + Vo) X2 @ XP2) dt

1
+/ <V4P£,¢ (X(1jm1) + X1 + Y1) + Yr10-1) X2 @ X5 @ (Xjo1 + Yj+1)> dt.
0

Because E[X®? @ X,;] =E[X2?®Y;] =0,

< {VQPW( a, n—l)):| JE [XSQD - <E [V20£,¢(Y(1,n—1))} JE [X§2]>

Z [ (3,2,1) %Q,Q,l)} _ gE [%g?;zl) _ 9@%2,1)} ;

Jj=2

where 9‘{( ’2’ ) is the fourth-order remainder term above. Similarly,

<E {V20£,¢(X(2,n—1))} E[Xn ® X1]> - <E [V29£,¢(Y(2,n—1))} E[X5, ®X1]>

_ nil@ R -] niE (2 - w2 and
j=3 Jj=3

(E [V (X 0-2)| X0 @ Xn_1]> — (B [V y(Yun-2)] E[X0 ® X))
n—3
_ ;E {9‘{%2’3) _ 9%%2’3 } ZE { 4,2,3 %2,3)} .

We define gqg;?/] ) 19%(3 2,1) +9¢{(3,2,2) Jri)f{(3,2,3) and 9%(4 2) _ 29%(4 2,1) +9%(4 2,2) +9%(41 2,3)

C.4. Third Lindeberg swapping. Forj=3,...,n—1,

(B 907X+ Yier0)) ~ (V705 (gt + Vi) EIXE)
Jj—2

=, < 2076 (X1 + Xk Y j-nugiin)]
k=1

-E [V?’Pf,(b(X[Lk) + Y+ Y(k,jfl)u(jJrl,n))] aE[X?3]>'
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We first consider the case with 6 < 7 <n — 1. For 3 < k < j — 4, the Taylor expansion
centered at X[y gy + Y(x j—1)u(j+1,n) iImplies

<IE (V205 5 (X(1) + Xk + Yo 1)0(+1m))] vE[Xf@SD
= <E[V3P$,¢(X[Lk) + Y(k,j—1>U(j+1,n>)]’E[Xj®3]>
+E {<V4Pi,¢(X[1,k) + Y(k,j—l)U(me))’E[Xf@g] ® X’“ﬂ
+ %]E [<V5pi,¢(X[1,k) + Y(k,j—1)u(j+1,n))7E[X?3] ® X§2>}

1 1
+ §E [/0 (1— t)2<v6pf,7¢(X[1’k) +t X + }Qk7j,1)u(j+1’n)),E[X?3] & X§3> dt] .

For the inner product terms with dependent factors, we repeat the Taylor expansion:

1.

E {<V4Pi7¢(X[1,k) + Y j-1yug+1,m) EIX 2% © Xk>}
=E [<V5Pi¢(X[1,kf1) + Vi1 j-nug+1m)s BIXE © X5 @ (Xp 1 + Yk+1)>}
1
+E [/0 (1- t)<v69i,¢(X[1,k—1) + 1 (Xk—1 + Yir1) + Yier1,j-1ug+1n)

E[XP%] © Xi ® (Xp-1 + Yk+1)®2>dt],

2.
E [<V5pi,¢(X[1,k) + Y(k,j—1)u(j+1,n))aE[X?3] ® X1§2>}
= <E (Vo5 (X1 1) + Yiet1,5-1ug+1m) L EIX S @ E [XI?QD
+ E[/Ol <v6,0i7¢(X[1,k—1) + 8 Xp—1 + Yer1) + Yir1,j-1)0G+1,0))5
E[X£% @ X2 @ (Xko1 + Yesn) ) dt],
3.

E {<V5Pi,¢(X[1,k—1) + Vs 1j-1)uG+1m)s BIX S © X3 © (Xp1 + Yk—1)>]

= <E[V5Pi,¢(X[1,k72) + Yir1j-1ug+1m)h EIX P @ E[X) © Xk71]>
1
+E [/0 <V6Pi,¢(X[1,k72) +tXk—2 + Yht1,j-1)0(+1m))s E[X?S] QX ® X1 ® ka2> dt}

1
+E [/ <V6Pi,¢(X[1,k71) + Yk + Yv(k+2,j71)u(j+1,n))aE[X]@Z%] ® X @Y1 ® Yk+2> dt} .
0
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For <E [V3p$7¢(X[17k) +Y. + }/(kJ—l)U(jJrl,n))} ,IE[XJ‘-X’S]>, the calculation is the same but
with Y}, in place of X}. By the second moment matching,

<E (V2970 (X 1y + Xk + Yk jmnu+1m)]
—E [V3P§,¢(X[1,k) + Y5+ Y(k,j—l)u(j-i-l,n))} aE[X?3]>
= (EIV 05 (X 2) + Yiks1 -0+ 1)L EIX P @ E[X @ X))
— (EIV"0% (X1 1) + Yz o)L EXEY @ EIY: © Yer])
+E R, - e
where for W, = X}, or Y,
R,

1

1
= 2/0 (1- t)2<v6pi,¢(X[1,k) + Wi + Yo jougim ), X2 ® Wk®3> gt

1
+ /0 (1- t)<V6PqE~,¢(X[1,k—1) +H(Xp—1+ Yer1) + Yig1-1)uG+1,n))

XP QW ® (Xp1+ Yk+1)®2>dt

1

1
+ 2/0 <V60i,¢(X[1,k71) + 8 Xp—1 4 Yet1) + Yirr1,j-1)0G+1,0))»

X]®3 X WISZ)Q () (Xk,1 + Yk+1)> dt
1
+ /0 <V60i,¢(X[1,k72) +t X2 + Yet1,j-1)u(+1,n))s X;&S QWL ® X1 ® Xk72> dt

1
+ / <V6Pi,¢(X[1,kf1) +tYer2 + Yier2,j—1)UG+1,n))s XJ@?’ QWi ® Y1 ® Yk+2> dt.
0

(36)
For k=1,

<E [VBP?¢>(X1 + Y -nug+im)] —E [V?’pi,d,(Yl + Y j—1)uG+1,m))] 7E[X;83]>
= —<E[V5Pf«,¢(y(3,jf1)u(j+1,n))]7E[X;&?’] ®E[Y1 ® Y2]>

+E[REN, - RE .

7
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where mgﬁ;l&m is the same as Eq. (36) but with Y, and Y,,_; in place of X;_; and Xj_o,
respectively. For k = 2,

<E [V205.6(X1 + Xo + Yo j1yug+1m)] — B [V205 (X1 + Yo + Yo j-1)u+1m)] 7E[X}®3]>
= (EIV%0 4 (Va5 106+1.m)) EIX PP @ E[X, @ Xi])
— (BIV05 6 (Yoa o411 EIXS?] @ BV, @ V3] )
+E [mﬁ?l; - mgﬁ;};z} ,
where D‘ig?gll),vz is the same as Eq. (36) but with Y, in place of X} _o. For k =j — 3,
<E (V2076 (Xp1g-3) + Xj3 + Yij-2jui41m)]
-E [V3Pi,¢(X[1,j—3) +Yj3+ Y{j_Q}u(jH,n))} 7E[X]®3]>
= (E[V706(X(1,j-5) + Y1) EIXS O E[X;-5 © X4 )

- <E[V5P§,¢>(X[1,j—4) + Y410 EXSP] O E[Y; 3 © Yj—2]>

+E [mg( % —mgﬁ”y] :
y

where D‘ig?;wz is the same as Eq. (36) but with 0 in place of Yy 9. For k =75 — 2,
(B (V205 (K12 + Xjoa + Ygarm)] — B [VP05 (X1 o2y + Yoz + Yijiam)] EIXS))
= (EIV%05 5(X(11) + Vg1, EIXS?) @ BIX; 2 ® X))

+E[REN L -ReY, ).

where 9%&?;1‘)% is the same as Eq. (36) but with 0 in place of Yy and Yj . By the second

moment matching,

<E (V206 (X151 + Yi1m) = VO (Yago1) + Yiig1m)] 7E[Xj®3]>

SRR, ey ]
k=1
(6,1)

’Il“his is also the same for j € [1, 5], where some terms in R X, W, are Zero when appropriate.
n sum,

M=

(E|V2ph oK) + Y1) | (ELXFY )

<.
Il

MﬁH

n j—2

< [V Pr.o(Y1j-1) + Y11, n))} ,E[X?3]> + E [mg(;]l;(k - %S?fx)/k] :
1 =3 k=1

.
Il
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Similarly,
Z<E [Vgpi,qs(X (OV(j+2-n),j—2) T }/(J'Jr?,n))} EXG ® Xjn] +E[X; © X?fl]>
j=1
= Z<E [V3Pf,¢(X(ov(j+2—n),j—2) + Y(j-i—?,n))} EX? @ X1 +EX; © Xjef1]>
j=1
n j—3
+OD B[R, %% ] and
j=A k=1
<E [v3pi7¢(X(0\/(j+3—n),j—3) + Y(j+3,n))} EX; @ Xin © XJ'+2]>
j=1

n

<E [Vgpf,as(y(ovuﬂfn),j%) + Y(j+3,n))} EX;©Xjn® Xj+2]>
j=1

n

h

4
(63) _ u(63)
+ E [ X..x, ~ Ax, ,Yk} ;
=5 k=1

where iR( I),V and 9%&?]3‘)% are similarly derived as Eq. (36).
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